Topological periodic cyclic homology of smooth F,-algebras
ELDEN ELMANTO

The goal of this talk is to use theorems from previous talks to deduce certain
calculations of topological periodic cyclic homology of smooth k-algebras, where
k is a perfect field of characteristic p > 0.

These calculations revolve around the motivic filtration constructed in [1] on
the topological periodic cyclic homology of a quasisyntomic ring A, TP(A); see
[1, Theorem 1.12]. In the present situation, being quasisyntomic means that the
cotangent complex of L4/, has tor-amplitude [—1,0]. We denote by QSyn, the
full subcategory of k-algebras spanned by quasisyntomic k-algebras.

The motivic filtration is a descending filtration defined on the spectrum TP(A):

TP(A)--- « Fil 'TP(A) « Fil’TP(A) « Fil'TP(A) + ---Fil"TP(A) - - - .

By construction it agrees with the double-speed Postnikov filtration of spectra
whenever A is quasiregular semiperfect [1, Definition 8.8] — this just means that
the cotangent complex LL 4/ is a flat module concentrated in homological degree
1 and the Frobenius on A is surjective. The first calculation is an identification of
the associated graded of the motivic filtration.

Theorem 0.1. Suppose that A is a smooth k-algebra where k is a perfect field of
charecteristic p > 0, then there is an equivalence in, D(W (k)), the derived category
of W (k)-modules

(1) gr"TP(A) =~ Rl ys(A/W (k))[2n].

In fact, the associated graded gr°TP(A) identifies with the derived global sec-
tions of a certain homotopy sheaf which we now describe. We have a presheaf of
commutative W (k)-algebras on QSyn;”

moTP(=) : QSyn, — CAlgyy (-

We endow QSyn;” with the quasisyntomic topology where the covers are faith-
fully flat maps A — B in QSyn, such that the cotangent complex Lpg,4 has
tor-amplitude in [—1,0]. Suppose that A € QSyn,, then we consider derived
global sections of this presheaf restricted to QSyn, := (QSyny), 4, with respect
to the quasisyntomic topology. This is an E.-W (k)-algebras which we denote by
RTgyn (A; moTP(—)) and we have an equivalence
gr?TP(—) =~ RTgyn(A; moTP(-)).

This is a consequence of quasisyntomic descent for the presheaf of spectra TP(—)
[1, Corollary 3.3]. Specializing (1) to n = 0 we obtain an equivalence of Eoo-W (k)-
algebras

RT gy (A; moTP(—)) =~ Rl ey (A/W (E)),
which is [1, Theorem 1.10].

As a result of Theorem 0.1 the spectral sequence obtained from the motivic
filtration is of the form

B2, = iy j(gr I TP(A)) = HILH(A/W(K)) = TPy ;(A),

crys
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where the differentials are of the form

d" Ej; = B i1
One can think of the graded pieces as the “weight” of the motivic filtration
(see §2 for how the Adams operations sort out the weights). Setting h*J =
Ti+j(gr 77 TP(A)). The spectral sequence then displays as

h5,3 h4’3 h3’3 h2,3 hl,S

B2 B3:2 n2:2 nl:2 10-2

B3l B2l plol RO1

B2:0 AD 0,0

2 —
pli—1 | p0,-1

hO,—Z

In the spectral sequence displayed above, the divided Bott element discussed in [2,
Section 4] lies in the term h%! with total degree 2. We call this element o. The
next theorem states that the motivic filtration splits after inverting p and, thus,
the spectral sequence degenerates at the Es-page. More precisely:

Theorem 0.2. Suppose that A is a smooth k-algebra where k is a perfect field of
charecteristic p > 0, then we have an equivalence of Eo-W (k)-algebras

TP(A)[1] & RTerys(A/W(R)[ ]l 0]
where |o| = 2.

The proof of this theorem will exploit the fact that the Adams operations acts
by different eigenvalues on each of the associated graded pieces.

1. PROOF OF THEOREM 0.1

Recall that, by [3], the crystalline cohomology of a smooth k-algebra A can
be computed as the cohomology of the de Rham-Witt complex W2, /. We first
claim that

Proposition 1.1. For any smooth k-algebra A, the commutative W (k)-algebra
W1, computes the derived global sections of the presheaf moTP(—)|qsyn,, -
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Proof. According to [1, Theorem 8.15], for any quasiregular semiperfect k-algebra
A, we have an equivalence of commutative W (k)-algebras

(2) LW, =~ 7 TP(A),

where mA/k is the Nygaard completed derived de Rham-Witt complex. By
construction, this is the value on A of the left Kan extension of the de Rham-
Witt complex along the inclusion of polynomial k-algebras to QSyn,, and then
completed with respect to the Nygaard filtration; see [1, Section 8.1] for details.
We claim two properties about the derived de Rham-Witt complex:

(1) the presheaf on QSyn,”,
LWQ_ )y, : QSyn;, — D(W (k)),
is a sheaf for the quasisyntomic topology, and

(2) the restriction of LWQ_ ), to SmAff;, agrees with W€ _) /.
Let us prove the proposition assuming these two properties. Let Aper be the
colimit

A%a%a...,

where ¢ is the Frobenius. Then Ay is quasiregular semiperfect and furthermore
the map A — Aperr is & quasisyntomic cover; the map is faithfully flat using the
characterization of regularity via the Frobenius (for a general result see [4], but

this fact is an easier exercise in this setting). With this, we get the following string
of equivalences in CAlg(D(W (k))):

Ry, (A, moTP(A))

R

lim o TP(AZA%)

perf

1

IV
>~ L/VV\QA/k

W .

We now prove the first of the claimed properties of WO A/k- Taking its mod-p
reduction gives an equivalence [1, Theorem 8.14.5] in D(k)

LWQA/k/pZ LQA/k.

where the right hand side is the Hodge completed derived de Rham complez, defined
by an analogous Kan extension and completion procedure for the deRham complex.

Since LW 4y, is p-complete for all A € QSyn,, it suffices to check descent after

reduction mod-p and thus we need to check descent for the presheaf Ly /.
This is a consequence of quasisyntomic descent for the cotangent complex, and its
exterior powers [1, Theorem 3.1].

To check the second property, we recall that, Zariski-locally, the structure map
of a smooth k-algebra A is of the form k — klxy -+, z,] 9 A where g is étale.
Since the Nygaard completed derived deRham-Witt complex has Zariski descent
and its value agrees with the de Rham-Witt complex on polynomial k-algebras, it

3



suffices to check that the derived deRham-Witt satisfies étale base change. This
can again be checked after reduction mod p. O

Proposition 1.1 proves the case n = 0 of Theorem 0.1. To obtain Theorem 0.1,
we use the periodicity of TP(A) [1, Section 6] to deduce that

gr"TP(A) ~ gr®TP(A)[2n],

where the equivalence is given by multiplication by o”.

2. PROOF OF THEOREM 0.2

Since any k-algebra is p-complete, we have that THH(A) ~ A®Ts, Now, "JI‘IA) ~
K(Z,,1) and so its space of automorphisms identifies with the units of QK (Z,, 1),
i.e., the group Z). Each ¢ € Z), then defines an Adams operation

A (i ®L A
(3) ¥ THH(A) ~ A®T (4 THH(A) ~ 49T,

which is a map of E.,-ring spectra, but is not T-equivariant for the usual T-action
on THH(A).

We can construct a version of the Adams operation which is T-equivariant
after “speeding up” the T-action on the target by multiplication by ¢. Indeed,
consider the self-map my : T — T;z — 2zf. For any T-spectrum E we define
the T-spectrum E'P*™¢ where the underlying spectrum is E, and the T-action is
informally described by

mp®id act

TRF — TQF —T®E.

More precisely, restriction along m; : T — T induces a functor (mg)* : SpBT —
SpPT. The T-spectrum E™P™¢ is defined, as a T-spectrum, as (my)*E.

In the case of THH(A), we get the following more explicit description. we
denote by (Tg)reparm the p-complete circle equipped with an action of T “sped up
by £7; the point now is that the map my : Ty — (T})"P*™¢ is T-equivariant and
thus the map (3)

(id)®* reparm

¢ THH(A) "~ THH(A)™Pame ~ A®(T);

is T-equivariant.
We have the following observation

Lemma 2.1. Let §1\)p denote the oo-category of p-complete spectra and { € Z) .
Then the functor (mg)* : (él\)p)BT — (é}\)p)BT is an equivalence of oo-categories.
Proof. For any p-complete spectrum F, the T-action factors uniquely through a
T/-action, hence we are left to prove that the induced functor (mg)* : (Sp,)”"» —
(§1\)p)BT2 is an equivalence of co-categories. Since £ acts invertibly on T/, we have

an inverse operation £~! on Tj. The induced functor (m,-1)* on (él\)p)BM is the
inverse to (mg)*.
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As aresult, THH(A)"P?™ ~ THH(A) as T-spectra and thus we get an induced
operation

LNtT
W' TP(A) Y (THH(A) ™) T o~ TP(A).

We also note that we get Adams operations compatibly on homotopy fixed points,
orbits and thus on TC:

Pt TC(A) — TC(A).

Proposition 2.2. [1, Proposition 9.14] The Adams operation ¢* acts on gr" TP(A)
by multiplication with £™.

In particular if we invert p, then we have an isomorphism of Q-vector spaces
(ﬂ*gr"TP(A)[%])W*Z" = ﬂ*gr”TP(A)[%]. To prove Theorem 0.2 we consider the
diagram of spectra

Snez(TP(A)[2])¥" " TP(A)[2]

|

(4) Snez(Fil"TP(A4)[2])¥" "

|

Bnez (g TP(A)[L]) " = @ ez (" TP(A)[4)) !

where, for any spectrum E with an action of ¢, we define

e_gn

BV = fib(E VS E).

Since W*TP(A)[%] is a graded Q-vector space, the top horizontal map induces an

injection on homotopy groups @nez(mTP(A)[%])”’(_en < m.TP(A)[1]. Tt then
suffices to prove that vertical arrows are equivalences of spectra, whence we have
a map of filtered Q-vector spaces which is an isomorphism on graded pieces. The
multiplicative properties of the filtration [1, Theorem 1.12.1] gives us the conclu-
sion of Theorem 0.2.

To check the claimed equivalence, we consider the action of the Adams operation
W on TP(A)[Z%] as endowing it with the structure as a module over S[t)‘]!. The

functoriality of the Adams operations tells us that the cofiber sequence of spectra

Fil"TP(A)[5] — TP(A)[5] — FﬂTnl;(;()A)[;L

IThis means the spherical monoid algebra of the free monoid on one generator ¥¢. In other
words, taking Spec of this derived ring gives us the “flat affine line” over the sphere spectrum.
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is a cofiber sequence of S[i)‘]-modules. We first claim that (%%[%])w*ﬂ is

contractible. Indeed, the we have a filtration on %[5 given by
Fil*TP(A)
{WP(A) (51 k>n-
Where the associated graded are {gr* TP(A)[}]} x>y Proposition 2.2 tells us that
the action of 1* — ¢ on grkTP(A)[%] is homotopic to the action of /% —¢" and so is
invertible. An induction argument shows that the action of 1/* — ¢ on %(PA@)[%]
is thus invertible and so we have an equivalence of fibers
Fil"TP(A)[1))*" =" — (TP(A)[1])*" 7",
which tells us that the top vertical arrow of (4) is an equivalence. A similar
argument applied to the cofiber sequence
Fil”“TP(A)[%] — Fil”TP(A)[%] — gr”TP(A)[%]
tells us that the bottom vertical arrow is an equivalence.
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