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ABSTRACT. We prove that the oo-category of MGL-modules over any scheme is equivalent
to the oco-category of motivic spectra with finite syntomic transfers. Using the recognition
principle for infinite P1-loop spaces, we deduce that very effective MGL-modules over a
perfect field are equivalent to grouplike motivic spaces with finite syntomic transfers.

Along the way, we describe any motivic Thom spectrum built from virtual vector bundles
of nonnegative rank in terms of the moduli stack of finite quasi-smooth derived schemes with
the corresponding tangential structure. In particular, over a regular equicharacteristic base,
we show that Q;f’l MGL is the Al-homotopy type of the moduli stack of virtual finite flat
local complete intersections, and that for n > 0, Qi’;’l EEIMGL is the Al-homotopy type of

the moduli stack of finite quasi-smooth derived schemes of virtual dimension —n.

CONTENTS

(L.__Introduction|

[1.1. Modules over algebraic cobordism|

[1.2. Framed correspondences and the motivic recognition principle
[1.3.  Geometric models of motivic Thom spectral

[1.4.  Analogies with topology|
L5 Related workl

6 C - ] =
[1.7. Acknowledgments|

[2. Twisted framed correspondences|

[2.1. Stable vector bundles and K-theory|

[2.2.  Presheaves of twisted framed correspondences|

2.3. escent and additivit

-4, Comparison theorems|

[2.5.  Base change]

[3.  Geometric models of motivic Thom spectral

[3.1.  Thom spectra of vector bundles|

[3:2. Thom spectra ol nonnegative virtual vector bundles

3.3. eneral nonnegative Thom spectral

[3.4.  Algebraic cobordism spectral

(3.5.  Hilbert scheme models|

4. Modules over algebraic cobordism|

41 Modules over MGIJ

4.2,  Modules over MSIJ

[4.3. Motivic cohomology as an MGL-module]

[Appendix A. Functors left Kan extended from smooth algebras|
[Appendix B.  The oo-category of twisted framed correspondences|

Date: September 26, 2019.
M.H. was partially supported by NSF grant DMS-1761718.

M.Y. was supported by DFG - SPP 1786 “Homotopy Theory and Algebraic Geometry”.

1

O 3OO O UL UL i W NN

W W WL W NININRPDDF P ===
DA R LR OO AR OO O



2 E. ELMANTO, M. HOYOIS, A. A. KHAN, V. SOSNILO, AND M. YAKERSON
1. INTRODUCTION

This article contains two main results:

e a concrete description of the co-category of modules over Voevodsky’s algebraic cobor-
dism spectrum MGL (and its variants such as MSL);

e a computation of the infinite P-loop spaces of effective motivic Thom spectra in terms
of finite quasi-smooth derived schemes with tangential structure and cobordisms.

Both results have an incarnation over arbitrary base schemes and take a more concrete form
over perfect fields. We discuss them in more details in §I.1] and §I.3] below.

1.1. Modules over algebraic cobordism. If S is a regular scheme over a field with resolutions
of singularities, there are well-known equivalences of co-categories

Modpz(SH(S)) ~ DM(S),
Mod,,; (SH(S)) ~ DM(S),

expressing Voevodsky'’s co-category of motives DM(S) and its Milnor-Witt refinement ﬁl\ﬁ(S)
as oo-categories of modules over the motivic €.-ring spectra HZ and HZ, which represent
motivic cohomology and Milnor-Witt motivic cohomology; see [R@08| [CD15, [BF18, [EK19].
These equivalences mean that a structure of HZ-module (resp. of HZ-module) on a motivic
spectrum is equivalent to a structure of transfers in the sense of Voevodsky (resp. a structure
of Milnor-Witt transfers in the sense of Calmes and Fasel).

Our main result, Theorem gives an analogous description of modules over Voevodsky’s
algebraic cobordism spectrum MGL: we construct an equivalence between MGL-modules and
motivic spectra with finite syntomic transfers:

(1.1.1) Modyiar(SH(S)) ~ SH™(S).

Notably, we do not need resolutions of singularities and are able to prove this over arbitrary
schemes S. Furthermore, we obtain similar results for other motivic Thom spectra; for example,
MSL-modules are equivalent to motivic spectra with transfers along finite syntomic morphisms
with trivialized canonical sheaf (Theorem [4.2.1). It is worth noting that, even though both
sides of only involve classical schemes, our construction of the equivalence uses derived
algebraic geometry in an essential way.

Over a perfect field k, we prove a cancellation theorem for finite syntomic correspondences.
This allows us to refine ((1.1.1]) to an equivalence

Modycr (SHY (k) ~ H" (k)gP

between very effective MGL-modules and grouplike motivic spaces with finite syntomic transfers

(see Theorem [4.1.4)).

1.2. Framed correspondences and the motivic recognition principle. The starting
point of the proof of is a description of motivic Thom spectra in terms of framed cor-
respondences. The notion of framed correspondence was introduced by Voevodsky [VoeOl]
and later developed by Garkusha, Panin, Ananyevskiy, and Neshitov [GP18al [GP18bl [AGP18|
GNP18]. Subsequently, a more flexible formalism of framed correspondences was developed by
the authors in [EHK™18b]. There we construct a symmetric monoidal oo-category Corrfr(Sms)
whose objects are smooth S-schemes and whose morphisms are spans

v/
(1.2.1) s g
X / \ Y
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with f finite syntomic, together with an equivalence £y ~ 0 in K(Z), where £ is the cotangent
complex of f and K(Z) is the algebraic K-theory space of Z. Starting with the oo-category
Corr™(Smg), we can define the symmetric monoidal co-categories H(S) of framed motivic
spaces and SHfr(S) of framed motivic spectra. The reconstruction theorem states that there is
an equivalence

(1.2.2) SH(S) ~ SH(S)

between motivic spectra and framed motivic spectra over any scheme S [Hoy18, Theorem 18].
This equivalence can be regarded as the “sphere spectrum version” of the equivalences discussed
in Although the right-hand side of is obviously more complicated than the left-
hand side, the point of the reconstruction theorem is that many motivic spectra of interest
admit simpler descriptions as framed motivic spectra. For example, the motivic cohomology
spectrum HZg turns out to be the framed suspension spectrum of the constant sheaf Z [Hoy18|
Theorem 21].

Over a perfect field k, the motivic recognition principle states that the framed suspension
functor

Tt HY (k) — SH" (k) ~ SH(k)

is fully faithful when restricted to grouplike objects, and that its essential image is the subcat-
egory of very effective motivic spectra [EHK™18bl Theorem 3.5.14]. In particular, the functor
Q%‘ifrE%o, ¢ is computed as group completion on framed motivic spaces. Thus, if a motivic spec-
trum E over k is shown to be the framed suspension spectrum of a framed motivic space X,
then its infinite P!-loop space QSE is the group completion X8P. This will be our strategy to
compute the infinite P'-loop spaces of motivic Thom spectra.

1.3. Geometric models of motivic Thom spectra. The general notion of motivic Thom
spectrum was introduced in [BH18| Section 16]. In particular, there is a motivic Thom spectrum
Mg associated with any natural transformation 8: B — K, where K is the presheaf of K-theory
spaces on smooth schemes. For example, if S is the inclusion of the rank n summand of K-
theory, then M ~ ¥3.MGL. The motivic spectrum Mp is very effective when § lands in the
rank > 0 summand Ko C K.

In this paper, we show that the motivic Thom spectrum Mg of any morphism 3: B — K¢ is
the framed suspension spectrum of an explicit framed motivic space. Before stating the general
result more precisely, we mention some important special cases:

(1) If Y is smooth over S and ¢ € K(Y) is a K-theory element of rank > 0, the Thom
spectrum Thy /g(§) € SH(S) is the framed suspension spectrum of the presheaf on
Corrfr(SmS) sending X to the co-groupoid of spans where Z is a derived scheme
and f is finite and quasi-smooth, together with an equivalence £y ~ —g*(¢) in K(Z).

(2) The algebraic cobordism spectrum MGLg is the framed suspension spectrum of the
moduli stack F8yng of finite syntomic S-schemes. More generally, for n > 0, X7 MGLg
is the framed suspension spectrum of the moduli stack FQ8mg of finite quasi-smooth
derived S-schemes of relative virtual dimension —n.

(3) The special linear algebraic cobordism spectrum MSLg is the framed suspension spec-
trum of the moduli stack FSyng" of finite syntomic S-schemes with trivialized canonical
sheaf. More generally, for n > 0, ¥1.MSLg is the framed suspension spectrum of the
moduli stack FQ8mg"" of finite quasi-smooth derived S-schemes of relative virtual di-
mension —n with trivialized canonical sheaf.

We now explain the general paradigm. Given a natural transformation 5: B — K of presheaves
on smooth S-schemes, we define a (-structure on a morphism f: Z — X between smooth
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S-schemes to be a lift of its shifted cotangent complex to B(Z):

B
Rt
s

ZTK

More generally, if f: Z — X is a morphism between quasi-smooth derived S-schemes, we define
a [B-structure on f to be a lift of —Lf to B(Z), where B is the left Kan extension of B to
quasi-smooth derived S-schemes (although left Kan extension is a rather abstract procedure,
it turns out that B admits a concrete description for every B of interest). Then, for any
B: B — Kxo, we show that the motivic Thom spectrum M € SH(S) is the framed suspension
spectrum of the moduli stack rJ"QSmg of finite quasi-smooth derived S-schemes with $-structure
(Theorem [3.3.10)).

Over a perfect field k, this result becomes much more concrete. Indeed, using the motivic
recognition principle, we deduce that QMg is the motivic homotopy type of the group com-
pletion of the moduli stack S”QSmf (Corollary . Even better, the group completion is
redundant if 8 lands in the positive-rank summand of K-theory.

The case of the algebraic cobordism spectrum MGLj deserves more elaboration. For its
infinite P!-loop space, we obtain an equivalence

QFMGLy, =~ Lo Lar FSyn;?
of €.o-ring spaces with framed transfers. For n > 0, we obtain equivalences of F8yn,-modules
QFEEMGLy, ~ LpisLa1 FOSmy,

(see Corollary [3.4.2)). Finally, using an algebraic version of Whitney’s embedding theorem for
finite schemes, we can replace the moduli stack FSyn,; by the Hilbert scheme HilbﬂC‘(Ago) of

finite local complete intersections in Af°, which is a smooth ind-scheme and a commutative
monoid up to A'-homotopy (see Theorem [3.5.2)):

QFMGL = Ly (Lo Hilb ™ (AR?))EP.

1.4. Analogies with topology. A cobordism between two compact smooth manifolds M and
N is a smooth manifold W with a proper morphism W — R whose fibers over 0 and 1 are
identified with M and Nj; see for example [Qui71), §1]. In other words, cobordisms are paths in
the moduli stack of compact smooth manifolds (though one needs the notion of quasi-smooth
derived manifold to solve the transversality issues in the definition of this moduli stack). The
direct algebro-geometric analog of a cobordism is thus an A'-path in the moduli stack of proper
quasi-smooth schemes. As in topology, one can also consider moduli stacks of schemes with
some stable tangential structure (see . The Al-localization of such a moduli stack is then
analogous to a cobordism space of structured manifolds (a space in which points are manifolds,
paths are cobordisms, homotopies between paths are cobordisms between cobordisms, etc.).

From this perspective, our computation of QFM/ for 5 of rank 0 is similar to the following
computation of Galatius, Madsen, Tillmann, and Weiss in topology [GMTWO09]: given a mor-
phism of spaces 5: B — BO, the infinite loop space of the Thom spectrum Mg is the cobordism
space of zero-dimensional compact smooth manifolds with S-structured stable normal bundle.
The only essential difference is that in topology these cobordism spaces are already grouplike,
due to the existence of nontrivial cobordisms to the empty manifold. In ff"Syn/,j7 however, the
empty scheme is not A'-homotopic to any nonempty scheme, so group completion is necessary.

To our knowledge, when [ is of positive rank, the topological analog of our computation is not
recorded in the literature. One expects for example an identification, for M a smooth manifold
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and n > 0, of the mapping space Maps(M, Q*°~"MU) with the cobordism space of complex-
oriented submanifolds of M of codimension n. In the other direction, it is an interesting problem
to extend our computation of QFFMS to 8 of negative rank, where the topological story suggests
a relationship with a moduli stack of proper quasi-smooth schemes of positive dimension.

Finally, we note that our description of MGL-modules can be understood as a more coherent
version of Quillen’s geometric universal property of MU [Qui71], Proposition 1.10].

1.5. Related work. Similar computations of motivic Thom spectra in terms of framed cor-
respondences were obtained independently by Garkusha and Neshitov [GN18]. Our approach
differs in that we work with tangentially framed correspondences as defined in |[EHK™18b]
rather than framed correspondences in the sense of Voevodsky (which are called equationally
framed correspondences in [EHK™18b|). Because tangentially framed correspondences are the
morphisms in a symmetric monoidal co-category, we are able to make much more structured
computations, which are crucial for describing oco-categories of modules over motivic Thom
spectra. Our notion of motivic Thom spectrum is also strictly more general than the one in
[GN1S].

The fact that MGL-cohomology groups admit finite syntomic transfers is well known (see
[Pan09] for the case of finite transfers between smooth schemes and [Dégl8] for the general
case). They are also an essential feature in the algebraic cobordism theory of Levine and Morel
[LMO7]. Such transfers were further constructed by Navarro [Navl6] on E-cohomology groups
for any MGL-module E, and Déglise, Jin, and Khan [DJKT§| showed that these transfers exist
at the level of spaces. Our main result implies that E-cohomology spaces admit coherent finite
syntomic transfers, and that this structure even characterizes MGL-modules.

In [LST6], Lowrey and Schiirg give a presentation of the algebraic cobordism groups Q"(X) ~
MGL*™"(X) with projective quasi-smooth derived X-schemes as generators (for X smooth over
a field of characteristic zero). Our results give a comparable presentation for n > 0 of the
whole co-groupoid (QFX2MGL)(X), which holds also in positive characteristic but is only
Zariski-local. We hope that there is a common generalization of both results, namely, a global
description of the sheaves QF X1 MGL, for all n € Z and in arbitrary characteristic, in terms
of quasi-smooth derived schemes.

1.6. Conventions and notation. This paper is a continuation of [EHK™18b], and we use the
same notation as in op. cit. In particular, PSh(C) denotes the oco-category of presheaves on
an oo-category C, and PShy(C) C PSh(C) is the full subcategory of presheaves that transform
finite sums into finite products (called X-presheaves for short). We denote by L., and Ly;s the
Zariski and Nisnevich sheafification functors, by L1 the (naive) Al-localization functor, and
by Lot the motivic localization functor.

In addition, we use derived algebraic geometry throughout the paper, following [TV0S|
Chapter 2.2] and [Lurl8, Chapter 25]. By a derived commutative ring we mean an object of
CAlg® = PShy(Poly), where Poly is the category of polynomial rings Z[z, ..., z,] for n > 0;
these are often called simplicial commutative rings in the literature, for historical reasons that
will not be relevant here. Given a derived commutative ring R, we denote by CAlgFA{ the oo-
category (CAlg®)g , and by CAlgp® C CAIgﬁ the full subcategory of smooth R-algebras. If R
is discrete, we further denote by CAlgg C CAlgﬁ the full subcategory of discrete R-algebras,
which is a 1-category containing CAlgk".

We write dAff for the co-category of derived affine schemes and dSch for that of derived
schemes. If X is a derived scheme, we denote by X, its underlying classical scheme. Every
morphism f: Y — X in dSch admits a cotangent complex £y € QCoh(Y); we say that f is
quasi-smooth if it is locally of finite presentation and £ is perfect of Tor-amplitude < 1.
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Throughout this paper, S denotes a fixed base scheme, arbitrary unless otherwise specified.
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2. TWISTED FRAMED CORRESPONDENCES

Recall that a framed correspondence from X to Y is a span

X%ZX‘Y

where f is finite syntomic, together with an equivalence £ ~ 0 in K(Z) [EHK™18b, Definition
2.3.4]. Given & € K(Y) of rank 0, one can consider a “twisted” version of this definition by
instead requiring an equivalence £+ ¢*(§) ~ 0 in K(Z). In this section, we study this notion of
twisted framed correspondence, which we define more generally for £ € K(Y) of rank > 0 using
derived algebraic geometry. The connection with Thom spectra in motivic homotopy theory
will be made in Section [3l

We begin in §2.1] with some recollections about the relationship between stable vector bundles
and K-theory. In we introduce the presheaves hf (Y, ¢), hif(Y, &), and h§ (Y, €) of ¢-
twisted tangentially framed, normally framed, and equationally framed correspondences, and
in §2:3] we prove some of their basic properties. In §2.4] we show that when Y is smooth
the presheaves hf(Y,¢), hif(Y, ), and h§ (Y, €) are motivically equivalent. Most proofs in
§2.3| and are almost identical to the proofs of the analogous results for untwisted framed
correspondences in [EHKT18bl Section 2. Finally, in we prove that the restriction of the
presheaf hfsr (Y, €) to smooth S-schemes is compatible, up to motivic equivalence, with any base
change S’ — S; this is a key technical result that will allow us to establish our main results over
arbitrary base schemes (rather than just over fields).

2.1. Stable vector bundles and K-theory. For X a derived scheme, we denote by Vect(X)
the co-groupoid of finite locally free sheaves on X. We define the oco-groupoid sVect(X) as the
colimit of the sequence

Vect(X) 222 Veet(X) 225 Veet(X) — - - -
Thus, an object of sVect(X) is a pair (€, m) where & € Vect(X) and m > 0, which we can
think of as the formal difference € — O; the rank of such a pair is rk(€) — m. Two pairs
(&, m) and (&',m’) are equivalent if they have the same rank and there exists n > 0 such that
EDO™ DO~ E HO™ DO
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Note that sVect(X) is a Vect(X)-module and the canonical map Vect(X) — K(X) factors
through sVect(X).

For R a derived commutative ring, sVect(R) is noncanonically a sum of copies of BGL(R).
Indeed, if £ = (E,m) € sVect(R), we have

Q¢ (sVect(R)) = collim Autg(E @ R").
If we choose an equivalence E @ F ~ R”, computing the colimit of the sequence
Autgr(E) - Awtr(E® F) > Autr(E@ FOE) — ---
in two ways yields an equivalence colim,, Autg (E @ R™) ~ colim,, Autg (R") = GL(R).

Lemma 2.1.1. Let R be a derived commutative ring. Then the canonical map sVect(R) —
K(R) is a plus construction in the sense of Quillen, i.e., it is the universal map that kills the
commutator subgroup of m(sVect(R), &) ~ GL(moR) for all £ € sVect(R). In particular, it is
acyclic.

Proof. This is an instance of the McDuff-Segal group completion theorem. We refer to [RW13],
Theorem 1.1] or [Nik17, Theorem 9] for modern treatments. O

Remark 2.1.2. Similarly, if VectS" (R) denotes the monoidal groupoid of finite locally free R-
modules with trivialized determinant and KS"(R) is its group completion, then sVect>"(R) —
KSE(R) is a plus construction.

2.2. Presheaves of twisted framed correspondences. Let X and Y be derived S-schemes
and let £ € K(Y) be of rank > 0. The oo-groupoid of &-twisted framed correspondences from X
to Y over S is defined by:

Z
finite quasi-smooth
W (Y, 6)(X) = f g f syl
YO0 =9 L7 T Ly= g © mK@)
X Y

When £ = 0 and X,Y € Schg, this definition recovers the notion of tangentially framed corre-
spondence considered in [EHKT18bl §2.1], by the following lemma:

Lemma 2.2.1. Let f: Z — X be a quasi-finite quasi-smooth morphism of derived schemes of
relative virtual dimension 0. Then f is flat. In particular, if X is classical, then 7 is classical.

Proof. Since f is flat if and only if Zg ~ Z xx X and f is flat, we can assume X classical.
The question is local on Z, so we can assume X affine and Z cut out by exactly n equations in
A% (since f has relative virtual dimension 0). Since f is quasi-finite, we see that fo: Zg — X
is a relative global complete intersection, hence syntomic [Stacks| Tag 00SW]. In particular, the
defining equations of Z in A% locally form a regular sequence, whence Z. = Z [KR19, 2.3.2]. O

Note that hfsr(Y7§) is a presheaf on dSchg. In fact, it is a X-presheaf on the oo-category

Corrfr(dSchs) of framed correspondences (see Appendix . It is also covariantly functorial in
the pair (Y,¢).

To relate {-twisted framed correspondences with motivic homotopy theory, we will also need
to study two auxiliary versions of twisted framed correspondences, namely an “equationally
framed” version and a “normally framed” version.
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Let X,Y € dSchg and let £ = (€, m) € sVect(Y) be of rank > 0. We define:
7 f finite
ofr — ol ¥ g i: Z — A% closed immersion over X
hs* (Y, §)(X) colim / \ + o: (AR)E — An=m x V() ’
X Y

e HOXY)~Z, plz~g

f finite quasi-smooth

Z
hlslff (Y, €)(X) = colim Lf/ X‘ + i:Z — A% closed immersion over X

More precisely, for each m, the right-hand sides are functors Vect(Y)>,, — PSh(dSchg) in the
variable €. As m varies, these functors fit together in a cone over the sequence

Veet(Y) 22 Vects1(Y) 2% Vectsa(Y) — -+

which induces sVectso(Y) — PSh(dSchg). Here, the notation X% for X a derived scheme and
Z C X a closed subset refers to the pro-object of étale neighborhoods of Z in X, see [EHK™18bl
A.1.1], and V(€) = Spec(Sym(€)) is the vector bundle over Y associated with &.

For £ = 0 and X,Y € Schg, these definitions recover the notions of equationally framed
and normally framed correspondences from |[EHK™18b, Section 2] (using Lemma for the
latter). Unlike in op. cit., we will not discuss the “level n” versions of h®®" and h™", for simplicity.
However, it is clear that many of the results below hold at finite level (a notable exception is

Proposition [2.3.6]).

There are forgetful maps
Bg" (Y, €) — b3 (Y,) — hE(Y,9)

in PShy(dSchs). Note that h§ (Y, €)(X) is discrete (i.e., a set) when X and Y are classical, since
¢ determines g as well as the derived closed subscheme Z. On the other hand, hi® (Y, £)(X) is
usually not discrete when rk& > 1.

Remark 2.2.2. Let X,Y € dSchg and £ = (€,m) € sVect>o(Y). Then there is a natural

isomorphism

V(O ™a &
hgfr(Yaé)(X) = %‘th Maps <X+ A (Pl)/\nyLnis <V(O(§z[—gn @f) i O)) :
If X and Y are classical this is a special case of [EHK™18b, Corollary A.1.5], and this result is
easily generalized to derived schemes. Indeed, as in the proof of [EHK™18bl Proposition A.1.4],
it suffices to show the following: if Y is a derived scheme and Z C Y is a closed subset, then
Y’ — (Y')% is an étale cosheaf on étale Y-schemes; by topological invariance of the étale topos,
this follows from the underived statement.

2.3. Descent and additivity. We say that a presheaf F: dSchg” — Spc satisfies closed gluing
if F(@) ~ * and if for any diagram of closed immersions X <= Z < Y in dSchg, the canonical
map

?(X Uz Y) — :T(X) X 5(2) .(_:F(Y)
is an equivalence.

We say that a presheaf F: dSchg® — Spc is finitary if, for every cofiltered diagram (X,) of
qcgs derived schemes with affine transition maps, the canonical map

colim F(X,) — F(lim X,,)

is an equivalence.
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Proposition 2.3.1. Let Y € dSchg and let £ € K(Y) be of rank > 0.
(i) hiF (Y, &) is a Nisnevich sheaf on qcgs derived schemes.
(ii) If Y is locally finitely presented over S, then hi (Y, ) is finitary.

(iii) Let R — Y be a Nisnevich (resp. élale) covering sieve generated by a single map. Then
hi(R, &) — hi(Y, &) is a Nisnevich (resp. étale) equivalence.

Proof. (i) and (ii) are clear (using the corresponding properties of K-theory). Let us prove
(iii). Since h¥ (R, &) — hE(Y,€) is a monomorphism, it suffices to show that it is a Nisnevich
(resp. étale) effective epimorphism. Refining the sieve R if necessary, we can assume that it
is generated by a single étale map Y/ — Y. Let X € dSchg, f: Z — X a finite quasi-smooth
morphism, and ¢g: Z — Y an S-morphism. It suffices to show that there is a Nisnevich (resp.
étale) covering of X where g factors through R. Since f is finite, the sieve on X consisting
of all maps X' — X such that X’ xx Z — Z — Y factors through Y’ is covering in the
Nisnevich (resp. étale) topology. Indeed, if X’ is local and henselian (resp. strictly henselian),
then (X’ xx Z). is a finite sum of henselian (resp. strictly henselian) local schemes, so the étale
map X' xx Z xv Y — X’ xx Z has a section. O

Proposition 2.3.2. Let Y1,..., Yy € dSchg, let £ € K(Y1 U---UYy) have rank > 0, and let
& be the restriction of € to Y;. Then the canonical map
hg (Y1 U U Y, 8) = hg (Y1, 61) x - x hg (Y, &)

s an equivalence.

Proof. Clear. d

Proposition 2.3.3. Let Y € dSchg and & € sVect>o(Y).

(1) h&fr (Y, €) is a sheaf for the quasi-compact étale topology.

(i) h&™ (Y, €) satisfies closed gluing.

(iil) If Y is locally finitely presented over S, then h& (Y, &) is finitary.

(iv) Let R < Y be a Nisnevich (resp. étale) covering sieve generated by a single map. Then
hefr (R, &) — her (Y, €) is a Nisnevich (resp. étale) equivalence.

Proof. The proof of each point is exactly the same as the corresponding point of [EHK™18bl
Proposition 2.1.5(i)], using the description of h§¥ (Y, ¢) from Remark O

Lemma 2.3.4. The presheaf
dSchg” — Spe, X +— {quasi-smooth derived X-schemes}

satisfies closed gluing.

Proof. The assertion without the quasi-smoothness condition follows from [Lurl8, Theorem
16.2.0.1] (as in the proof of [Lurl8, Theorem 16.3.0.1], which is the spectral analog). It remains
to prove the following: if Y is a derived scheme and f:Y — X Lix,, X; is a morphism whose
base change f.: Y. — X, is quasi-smooth for each * € {0,1,01}, then f is quasi-smooth. We
have that f is locally finitely presented by [Lurl8l Proposition 16.3.2.1(3)]. It remains to show
that the cotangent complex £y is perfect and has Tor-amplitude < 1. Since the cotangent
complex is stable under base change, the pullback of £; to X, is £f,. The claim now follows
from [Lurl8| Proposition 16.2.3.1(3,7)]. O
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Proposition 2.3.5. Let Y € dSchg and § € sVect>o(Y).

(i) h%(Y, &) satisfies Nisnevich excision.

(ii) ha% (Y, &) satisfies closed gluing.

(iil) If Y is locally finitely presented over S, then hi¥ (Y, &) is finitary.

(iv) Let R < Y be a Nisnevich (resp. étale) covering sieve generated by a single map. Then
hi (R, €) — hET(Y, €) is a Nisnevich (resp. étale) equivalence.

Proof. (i) By definition, the presheaf h3% (Y, ¢) is a filtered colimit over n of its level n versions,
which are clearly sheaves for the fpqc topology. We conclude since the property of Nisnevich
excision is preserved by filtered colimits.

(ii) This follows from the closed gluing property for connective quasi-coherent sheaves [Lurl8|
Theorem 16.2.0.1] and Lemma [2.3.4]

(iii) Clear.
(iv) The proof is identical to that of Proposition iii). O

Proposition 2.3.6. Let Y1,...,Yy € dSchg, let £ € sVect(Y, U---UYy) be of rank > 0, and
let &; be the restriction of & to Y;. Then the canonical maps

W™ (Y1 U U Y, &) = b (Y1, &) x -+ x hg™ (Y, &)
he™ (Y U- - U Yy, &) = hg™ (Y1, &) x - x hE™ (Y, &)

are Al-equivalences.
Proof. Same as the proof of [EHK™18bl, Proposition 2.2.11]. O

It follows from Proposition that the presheaves La:1h$T(Y, &) and La:hi® (Y, &) have
canonical structures of €-objects (cf. [EHKT18bl 2.2.9]).

2.4. Comparison theorems. If f: A — B is a morphism of derived commutative rings, there
is a canonical B-linear map

e cofib(f) @A B — Ly,

called the Hurewicz map associated with f [Lurl8, §25.3.6]. If f is connective (i.e., if Spec(f)
is a closed immersion), then ey is 2-connective [Lurl8, Proposition 25.3.6.1]. In particular, if
i: Z — X is a closed immersion between derived affine schemes and J is the fiber of i*: O(X) —
O(Z), we have a 1-connective map

Lemma 2.4.1. Let
ZO L) Xo
Z—"—X
be a Cartesian square of derived affine schemes, where all arrows are closed immersions. Let J
and Jo be the fibers of the maps i*: O(X) — O(Z) and if: O(Xo) = O(Zg). Then the canonical
map
J— j() XNiO N1

s connective.
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Proof. We factor this map as follows:

o B
I = 30 X368 (xg) 0(Z0) (I ®o(x) O(Z)) = Jo Xov,y N

By [Lurl8, Proposition 25.3.6.1], the canonical maps J®¢(x) O(Z) — N; and Jo ®¢(x,) O(Zo) —
N;, are 1-connective. Being a base change of the latter, the projection (Jo ®o(x,) O(Zo)) Xa,,
N; = N; is 1-connective. It follows that the map

J ®O(X) O(Z) — (30 ®o(x0) O(Zo)) XNig N;

is connective, hence that its base change 3 is connective. It remains to show that « is connective.
Let T be the closed subscheme of X obtained by gluing Z and X, along Zg. We can factor « as

J—=17 ®o(x) O(T) = Jo X90®0(xq)O(Zo) (g ®o(xX) 0(2)).

The first map is clearly connective. Since Jo >~ J®¢(x) O(Xp), the second map is an equivalence
by Milnor patching [Lurl8l Theorem 16.2.0.1]. Thus, « is connective. O

Proposition 2.4.2. Let X, Y € dSchg, let £ € sVect(Y) be of rank > 0, and let Xg C X be a
closed subscheme. Suppose that X is affine and that Y admits an étale map to an affine bundle
over S. Then the map

BT (Y, €)(X) — g™ (Y, €)(Xo) Xpae (v, 6)(x,) h&" (Y, )(X)

18 an effective epimorphism.
Proof. Write £ = (€, m). An element in the right-hand side consists of:

e a span X L 7%y with f finite quasi-smooth;
a closed immersion i: Z — A% over X with an equivalence 7: N; ~ 07" @ g*(€);

e an equational {-framing of the induced span X Jo Zo 2 Y:
ZOAAQO <—U0 @—O>V(O$7m@8>, [eT' S Zoﬁtpal(Y),

where g is the pullback of i, Uy — A% is an affine étale neighborhood of Zg, and ¢
extends go;

o an identification of the equivalence N;, ~ Ogo_m @ g5 (€) induced by 7 with that induced
by Qagp.

The goal is to construct an equational ¢-framing (p, ) of X L7 % ¥ that simultaneously
induces the normal framing 7 and the equational £-framing (g, o). Using [EHK™18bl Lemma
A.2.3], we can lift the étale neighborhood Uy of Zg in A% to an étale neighborhood U of Z in
A%. Refining Uy if necessary, we can assume that U is affine (by [EHK™"18bl Lemma A.1.2(ii)]).

Let hg: Uy — Y be the composition of ¢g: Uy — V(04 " ®¢E) and the projection V(03 " &
&) = Y. We first construct a simultaneous extension h: U — Y of hg: Ug — Y and g: Z — Y.
Suppose first that Y is an affine bundle over S. Since U is affine, U xgY — U is a vector bundle
over U. It follows that the restriction map

Mapsg (U, Y) = Mapsg(Uo, Y) XMapsg(zo,v) Mapsg(Z,Y) = Mapsg(Uo Uz, Z,Y)

is surjective, so the desired extension exists. In general, let p: Y — A be an étale map where A
is an affine bundle over S. By the previous case, there exists an S-morphism U — A extending
pohg and pog. Then the étale map U xa Y — U has a section over Ug Lz, Z, so there exists
an affine open subset U’ C U xa Y that is an étale neighborhood of Uy Liz, Z in U. We can
therefore replace U by U’, and the projection U’ — Y gives the desired extension.

It remains to construct a Y-morphism ¢: U — V(0§ " &E) extending ¢y and an equivalence
a: Z~ ¢ 1(Y) lifting o such that the induced trivialization N; ~ O ~™ @ g*(&) is equivalent
to 7. Recall that Y-morphisms U — V(O3 ™ @ &) correspond to morphisms of Oy-modules
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Oy ™ @ h*(€) = Ou. Let J and Jy be the fibers of the restrictions map O(U) — O(Z) and
O(Ug) — O(Zo). By Lemma [2.4.1] the morphism of O(U)-modules

J— j() XNiO Nz

is connective. Since O(U)"~™@h*(&) is a projective object in connective O(U)-modules [Lurl7al
Proposition 7.2.2.7], the morphism O(U)"~™ @ h*(€) — Jo X, Ni induced by ag and 7 lifts
to a morphism
oU) ™ e h*(€) = 7J.

This defines a Y-morphism ¢: U — V(07 ™ @ €) extending ¢y together with a factorization
of Z — U through ¢~1(Y), i.e., a U-morphism a: Z — ¢~ 1(Y). By construction, « lifts g
and induces the equivalence 7 on conormal sheaves; since both Z and ¢~1(Y) are regularly
embedded in U, « is an étale closed immersion. Thus, there exists a function a on U such that
« induces an equivalence Z ~ ¢~ !(Y) N U,. Replacing U by U, concludes the proof. O

Corollary 2.4.3. Suppose that Y € Smg is a finite sum of schemes admitting étale maps to
affine bundles over S and let § € sVecto(Y). Then the map

Lath§™(Y,€) = Lathg™(Y,¢)
s an equivalence on derived affine schemes. In particular, it induces an equivalence
LyarLathS* (Y, €) ~ La LathE" (Y, €).
Proof. By Proposition we can assume that Y admits an étale map to an affine bundle
over S. By Proposition for every n > 0, the map
g™ (Y, 2" = hg™ (Y, )72 ey gyoan hE" (Y, A

is surjective on affines. By Propositions ii) and i), both hgf*(Y, &) and hifT(Y,¢)
satisfy closed gluing. It follows that the map

hg" (Y, )% — b3 (Y, )4

is a trivial Kan fibration of simplicial spaces when evaluated on any affine scheme, and we
conclude using [Lurl8, Theorem A.5.3.1]. O

Corollary 2.4.4. LetY be a smooth S-scheme and £ € sVect(Y) of rank > 0. Then the map
g (Y, €) = hg™ (Y, )

in PShx(dSchg) is a motivic equivalence.

Proof. If Y is the filtered colimit of quasi-compact open subschemes, then on qcgs derived
schemes the presheaves h& (Y, ¢) and hif (Y, ) are filtered colimits of the corresponding sub-
presheaves, so we can assume Y quasi-compact. Let {Uy,..., U} be an open cover of Y by
S-schemes admitting étale maps to affine bundles over S. The map U;U---UUy — Y is a Zariski
covering map; by Propositions mw) and iv), Luish§ (=, &) and Lyichi¥(—, €) preserve
the colimit of its Cech nerve. Thus, we can assume that Y is a sum of schemes admitting étale
maps to affine bundles over S. Then the claim follows from Corollary O

For Z — X a finite morphism of derived schemes, we denote by Embx(Z, A%) the space of
closed immersions Z — A% over X (note that this is not a discrete space in general, because
closed immersions of derived schemes are not monomorphisms). We let

Embx(Z, AY) = colim Embx (Z, A%).
n—oo
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Proposition 2.4.5. Let X be a derived affine scheme, Z — X a finite morphism, Xo — X a
closed immersion, and Zy = Z Xx Xo. Suppose that (Xo)a — Xei is finitely presented. Then the
pullback map

Embx (Z, AY) — Embx, (Zo, AX,)

is an effective epimorphism.

Proof. Let ig: Zo — A¥%, be a closed immersion over Xy, given by n functions g1, ..., g, on
Zo. Let g1, ..., g, be lifts of these functions to Z. Note that

fib(O(Z) — O(Zg)) ~ fib(O(X) — 0(Xo)) ®o(x) O(Z).

Since Z — X is finite and (Xg)a — X is finitely presented, the O(X)-module mofib(O(Z) —
0(Zy)) is finitely generated; let hq,..., h,, € O(Z) be the images of a finite set of generators.
Then the n +m functions g}, ..., g, h1, ..., hy, define a closed immersion i: Z — A%XT™ over
X whose pullback to X is equivalent to i¢ in Embx(Z, AY). O

Corollary 2.4.6. Let X be a derived affine scheme and Z — X a finite morphism. Then the
presheaf
dAﬁg(p — Spc, X El'Ile/(Z XX X/, A;(O/)

is A'-contractible.
Proof. This follows from Proposition as in [EHK"18b, Lemma 2.3.22]. O

Let Z — X be a finite quasi-smooth morphism of derived schemes of relative virtual codi-
mension c. Any closed immersion i: Z — A% over X is then quasi-smooth, hence has a finite
locally free conormal sheaf N; = £;[—1]. Thus, we have a morphism

Embx(Z, A%) — Vecty,1(Z), i—N;.
Taking the colimit over n, we get a morphism
Embx (Z, AY) — sVect.(Z) C sVect(Z).

We denote by Embg((Z,A?(o) its fiber over £ € sVect(Z). Note that there is a commutative
square

Embx(Z, AY) —— sVect(Z)
S K(2),
inducing a canonical map
Emb§ (Z, AF) — Mapsy (£, —£ )
on the horizontal fibers over &.

Proposition 2.4.7. Let f: Z — X be a finite quasi-smooth morphism of derived affine schemes
and let £ € sVect(Z). Then the morphism of simplicial spaces

EmbixA'(Z X A® AT, ae) = Mapsg (. a0y (€, —L)
induces an equivalence on geometric realizations.

Proof. Let us write X* = X x A® and Z° = Z x A® for simplicity. Recall that the given
morphism comes from a natural transformation of Cartesian squares

Emb%. (Z°, AZ) —— Embxe(Z2°, A%) Mapsy ze)(§, —£f) —— *

l | N l l—u

" ~ sVect(Z*) ML S )
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We consider two cases. If [{] # [-Ly] in moK(Z), then Mapsy 7 (£, —£y) is empty and the
result holds trivially. Suppose that [¢] = [-£/] in moK(Z). Then —L; lives in the connected
component K(Z)(§) C K(Z) containing £. Since Z is affine and [£f] = [07] — [N;] for any closed
immersion ¢: Z — A% over X, the conormal sheaf N; is stably isomorphic to &. It follows that
the map Embx (Z, AY) — sVect(Z) lands in the component sVect(Z){£) C sVect(Z) containing
&. We may therefore rewrite the above Cartesian squares as follows:

Emb%. (Z°, A%.) —— Embx. (Z°, AZ) Mapsi(ze)(§, =Lf) ——— *
| e S o
M SN sVect(Z*)(£) * ———— K(Z°)(§).

Recall that sVect(Z®)() is equivalent to BGL(Z®). The map sVect(Z*)(§) — K(Z*)(£) between
the lower right corners is acyclic in each degree by Lemma [2.1.1] It follows that its geometric
realization is an equivalence, since it is an acyclic map whose domain has abelian fundamental
groups. The map between the upper right corners also induces an equivalence on geometric
realizations by Corollary [2.:4.6] Since the lower right corners are degreewise connected, it follows
from [Lurl7al Lemma 5.5.6.17] that geometric realization preserves these Cartesian squares, and
we obtain the desired equivalence on the upper left corners. O

Corollary 2.4.8. Let Y € dSchg and let & € sVect>o(Y). Then the map
Laithg"(Y,€) = Lashg (Y, )
18 an equivalence on derived affine schemes. In particular, it induces an equivalence
LiacLliax hgfr (Y, 5) = LzarLAlhg (Y, 5)
Proof. This follows from Proposition using [EHK™18b, Lemma 2.3.12] (where one can
harmlessly replace finite syntomic morphisms by finite quasi-smooth morphisms). O
Combining Corollaries 2.4.4] and [2.4.8] we obtain:
Theorem 2.4.9. Let Y be a smooth S-scheme and £ € sVect(Y) of rank > 0. Then the maps
hs™(Y,€) = hg™ (Y, ) = hg(Y, )

in PShx(dSchs) are motivic equivalences.

2.5. Base change.

Lemma 2.5.1. Let X be a derived affine scheme, Xg — X a closed immersion, and Zg an
affine quasi-smooth Xy-scheme. Then there exists an affine quasi-smooth X-scheme Z such that
7 XX XO ~ Zo.

Proof. Choose a smooth affine X-scheme V and a closed immersion Zy — Vg = V xx X over
Xy (for example, V = A%). The conormal sheaf N of the immersion Zy — Vj is finite locally
free. By [Gru72l Corollaire 1.7], replacing V by an étale neighborhood of Zg if necessary, there
exists a finite locally free sheaf € on V lifting N; let £y be its pullback to Vg. Let J be the fiber
of Oy, — Oz,. Recall that there is a canonical surjection €: I — N in QCoh"(Vy) (see §2.4).
Since € and &( are projective in their respective oo-categories of connective quasi-coherent
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sheaves, we can find successive lifts

By Nakayama’s lemma, the morphism ¢g: g — J is surjective in a neighborhood of Zg in Vy;
hence, the quasi-smooth closed subscheme of V defined by ¢ o ¢q (i.e., the zero locus of the
corresponding section of the vector bundle V(&y) — Vq) has the form Zy U K. Replacing V
by an affine open neighborhood of Z if necessary, we can assume K = @. Let Z C V be the
quasi-smooth closed subscheme defined by ¢. By construction, Z xx Xg is the quasi-smooth
closed subscheme of V defined by ¢ o g, which is Zjg. O

Let X be a derived affine scheme and Z C X a closed subscheme. We say that the pair
(X, Z) is henselian if the underlying classical pair (X, Z.1) is henselian. By the topological
invariance of the étale site, (X, Z) is henselian if and only if, for every étale affine X-scheme Y,
the restriction map

Mapsyx (X,Y) — Mapsx(Z,Y)
is an effective epimorphism.

Lemma 2.5.2. Let (X,Z) be a henselian pair of derived affine schemes. Then the induced
morphism of co-groupoids Vect(X) — Vect(Z) is 1-connective.

Proof. The morphism Vect(X.1) — Vect(Zq) is 0-connective by [Gru72, Corollaire I.7]. If P, Q €
Vect,, (Xc1), isomorphisms P ~ @ are sections of a GL,,-torsor over X.j, which is in particular a
smooth affine Xj-scheme. Using [Gru72, Théoreme 1.8], this implies that Vect(Xc) — Vect(Ze)
is 1-connective. It remains to observe that Vect(X) — Vect(Xc) is 2-connective, because
7o Hompg (P, Q) ~ Hom(gr) (7o (P), m(Q)) when P is a finite locally free R-module. O

Lemma 2.5.3. Let S = SpecR be an affine scheme, Y a smooth S-scheme with an étale map
to a vector bundle over S, and § € sVect»o(Y). Then the functor h‘SlfT(Y7§): CAIgﬁ — Spc is
left Kan extended from CAlgg".

Proof. We check conditions (1)—(3) of Proposition Condition (1) holds by Proposi-
tion [2.3.5[(iii), and condition (3) is a special case of closed gluing (Proposition [2.3.5(ii)). Let
(X,Xp) be a henselian pair of derived affine R-schemes, fo: Zg — Xp a finite quasi-smooth
morphism, ig: Zg — Ag‘(o a closed immersion over Xg, go: Zo — Y an S-morphism, and 7y an
equivalence N;, ~ 07" @ g5(€), where { = (€,m). We have to construct a lift of this data
from Xg to X. Since h3% (Y, ¢) is finitary (Proposition iii)) and (X, X;) is henselian for any
X1 containing X [Stacks, Tag 0DYD], we can assume that Xy, — X is finitely presented. By
Lemma there exists an affine quasi-smooth lift f: Z — X of fy. Replacing Z by an open
neighborhood of Zgy, we can assume f quasi-finite. Moreover, by [Lurl8, Corollary B.3.3.6], we
have Z = Z' UZ" where Z' — X is finite and Z” — X does not hit Xy; thus we can assume f
finite. By Proposition increasing n if necessary, we can also lift 7o to a closed immersion
1: Z — A% over X. By assumption, there exists an étale map h: Y — V where V is a vector
bundle over S. Then the restriction map

Mapsg(Z, V) — Mapsg(Zo, V)
is an effective epimorphism (since Z is affine), so the composite ho g lifts to a map Z — V. The

projection Y xv Z — Z has a section over Zg, hence over Z since h is affine étale and (Z,Zg) is
henselian [Gro67, Proposition 18.5.6(i)]. If g is the composite Z — Y Xy Z — Y, then g extends
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go- Finally, since (Z,Zo) is henselian, we can lift 7y to an equivalence N; ~ 07" @ ¢g*(€) by
Lemma O

Theorem 2.5.4. Let f: S' — S be a morphism of schemes, Y a smooth S-scheme, and & € K(Y)
of rank > 0. Then the canonical map

17 (E (Y, €)I8ms) = b (Vs &) Smsy

18 a motivic equivalence.

Proof. This is obvious if f is smooth, so we may assume S and S’ affine. Note that if we
do not restrict these presheaves to smooth schemes, this map is obviously an equivalence. It
therefore suffices to show that Lmothgr (Y,§), viewed as a presheaf on affine S-schemes, is the
motivic localization of a colimit of presheaves represented by smooth affine S-schemes. If Y
is the filtered colimit of quasi-compact open subschemes, then hg (Y, &) is the filtered colimit
of the corresponding subpresheaves, so we can assume Y quasi-compact. Then there exists a
finite open cover {Uy,..., Ui} of Y by S-schemes admitting étale maps to vector bundles over
S. The map Uy LI---UUg — Y is a Zariski covering map; by Proposition iii), Lyish (-, ¢)
preserves the colimit of its Cech nerve. Together with Proposition we can assume that
Y admits an étale map to a vector bundle over S. In this case, we know from Lemma [2.5.3
that hif(Y,¢) is left Kan extended from smooth affine S-schemes. Since we have a motivic
equivalence hi (Y, ¢) — hif (Y, ¢) by Theorem we are done. O

3. GEOMETRIC MODELS OF MOTIVIC THOM SPECTRA

The main result of this section, Theorem [3:3.10] identifies the motivic Thom spectrum M/
of any 5: B — K> with the framed suspension spectrum of a concrete framed motivic space,
namely the moduli stack of finite quasi-smooth schemes with S-structure. We obtain this result
in several steps:

e In §3.1] we prove the theorem for Thom spectra of vector bundles over smooth S-
schemes. This is essentially a generalization to arbitrary base schemes of a theorem of
Garkusha, Neshitov, and Panin over infinite fields (which is used also in the proof of the
motivic recognition principle). However, it is necessary to reformulate their result using
tangentially framed correspondences to obtain an identification that is both natural and
multiplicative in the vector bundle.

e In we extend the theorem to Thom spectra of the form Thy ,g(§) where Y is a
smooth S-scheme and ¢ € K(Y) has rank > 0.

e Finally, in we introduce the notion of [S-structure, we recall the formalism of
motivic Thom spectra, and we deduce the general theorem.

At each step we also obtain a computation of the infinite P'-loop spaces of these Thom spectra
over perfect fields, using the motivic recognition principle. In we specialize the main theo-
rem to the motivic Thom spectra MGL and MSL. Finally, in §3.5, we rephrase our computations
in terms of Hilbert schemes.

3.1. Thom spectra of vector bundles. Let (Sms) /vect — Smg denote the Cartesian fibration
classified by Vect: Smg” — Spc. An object of (Smg) /vect is a pair (Y, &) where Y is a smooth
S-scheme and € is a finite locally free sheaf on Y, and a morphism (Y, &) — (Y, €) is a pair
(f, ) where f: Y — Y’ is an S-morphism and ¢: & ~ f*(&’) is an isomorphism in QCoh(Y).
Similarly, we denote by (Sms) k., the co-category of pairs (Y, &) where Y is a smooth S-scheme
and £ € K(Y) is of rank > 0.
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Since Vect and K¢ are presheaves of symmetric monoidal oco-categories (under direct sum),
both (Sms)/vect and (Sms)k ., acquire symmetric monoidal structures, where

(Y1,61) ® (Yo2,&2) = (Y1 x5 Yo, 71 (&) & 73 (&2)).
The assignment (Y,¢) — h¥(Y,€) is a right-lax symmetric monoidal functor (Smg) /Ko —

PShy(Corr™ (Smg)) (see Appendix .

Construction 3.1.1. Let (Y, &) € (Sms) /vect and let V*(€) C V(€) denote the complement
of the zero section of the vector bundle V(). We define a morphism

Oy/s,e: h§(V(8)/V*(€)) — hE(Y,€)

in PShy(Corr™(Smg)) as follows. Let z: Y < V(&) be the zero section. Then z is a regular
closed immersion with a canonical equivalence £, ~ &[1], whence an equivalence 7: £, ~ —&

in K(Y). The span
Y
N
V(€&) Y

together with the equivalence 7 defines a canonical element of h (Y, €)(V(€)). Moreover, its
image in hf (Y, &)(V*(€)) is the empty correspondence, which is the zero element. This defines
the desired map Oy/g . The morphism ©y/g ¢ is clearly natural and symmetric monoidal in
the pair (Y, €) € (Sms) /vect-

We now consider the diagram of symmetric monoidal co-categories

(Sms) veer — 22— PShy:(Smg). —222 4 H(S), —2— SH(S)

(3.1.2) i = b* ”*l W*JQ

(Sms) k., —5 PShs(Corr™ (Sms)) —— H(S) = SH'(S),

mot T,fr
where:
e Th sends (Y, &) to the quotient V(&)/V*(&);

e h'" sends (Y, &) to the the presheaf hif (Y, ¢);
e O is the natural transformation with components Oy s ¢.

Note that Th and h are only right-lax symmetric monoidal, but all the other functors in
this diagram are strictly symmetric monoidal (and Th becomes strictly monoidal after Zariski
sheafification). The fact that v*: SH(S) — SH™(S) is an equivalence was proved in [HoyI8|
Theorem 18].

Our goal in this subsection is to prove the following theorem:

Theorem 3.1.3. Let S be a scheme, Y a smooth S-scheme, and & a finite locally free sheaf
onY. Then E%O,fr@y/s,g is an equivalence. In other words, the boundary of 18 strictly
commutative.

One of the main inputs is the following theorem of Garkusha—Neshitov—Panin:

Theorem 3.1.4 (Garkusha—Neshitov—Panin). Let k be an infinite field, Y a smooth separated
k-scheme of finite type, and n > 0. Then the canonical map

hi™ (A% /(A% —0)) — hi™(Y,0™)

of presheaves on Smy, is a motivic equivalence.
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Here, the left-hand side uses the formal extension of h¢™ to PShy(Smy). (see [EHKT18bl
2.1.10]). The “canonical map” sends an equationally framed correspondence (Z,U, ¢, g) from
X to A%, where g = (go,91): U — A" x Y, to the correspondence (Z N g5 (0), U, (¢, g0), 91)-

Proof of Theorem[3.1.} Modulo the notation, this follows from the level 0 part of [GNPIS|
Theorem 1.1], which assumes that k is an infinite perfect field. The result was generalized by
Druzhinin in [Drul8], where it is made clear that it holds as stated here over any infinite field
(the perfectness assumption only being needed to ensure that Lot = LpisLar when n > 0). O

Lemma 3.1.5. Let k be a field and let F € PSh&Al(Corrfr(Smk)). Suppose that Lyis(Fx) is a
grouplike presheaf of €o-spaces on Smy for some separable algebraic field extension K/k. Then
LoisF is grouplike.

Proof. Let X be the henselization of a point in a smooth k-scheme and let o € m(F(X)). Note
that Xk is a finite sum of henselian local schemes. By the assumption and a continuity argument,
there exists a finite separable extension k'/k such that the image of o in mo(F (X)) has an
additive inverse 3. By [EHK™'18b, Proposition B.1.4], there exists a morphism ¢ from Spec k
to Spec k' in Corr'™ (Smy,) such that ¢* (o) = dear, where d = [k’ : k]. Hence, dea + ¢*(8) = 0.
Since 1 is a summand of d., this implies that a has an additive inverse. O

Lemma 3.1.6. Let k be a field, Y a smooth k-scheme, € a finite locally free sheaf on'Y of rank
> 1, and £ € K(Y) of rank > 1. Then the Nisnevich sheaves

LunisLathiF(V(8)/VX(E)) and LyLaihi (Y, €)

on Smy, are grouplike. If k is infinite, they are connected.
In fact, these sheaves are connected even if k is finite, see Remark below.

Proof. By Lemma [3.1.5] it suffices to prove the last statement. We must show that any section

of hif(V(€)/V*(&)) or hiF(Y,£) over a henselian local scheme X is Al-homotopic to 0. We can

assume that the finite X-scheme in such a section is connected and hence has a unique closed

point. Thus, we can shrink Y so that it admits an étale map to an affine space and so that &

and £ are trivial. By Corollaries [2.4.3] and 2.:4.8] it then suffices to show that the sheaves
LyisLa:h§™ (AL /(A% —0)) and Ly Laih§™(Y,0")

are connected when n > 1. This is precisely [GNP18, Lemma A.1]. O

Proposition 3.1.7. Let k be a field, Y a smooth k-scheme, and & a finite locally free sheaf on
Y. Then the map LinotOy ke s an equivalence in Hfr(k).

Proof. As in the proof of Theorem [2.5.4] we can assume Y separated of finite type and & trivial.
We can also assume € of rank > 1, since the statement is tautological when & = 0. If k is
infinite, the result follows by combining Theorems [3.1.4] and 2.4.9] noting that the square

B (AL/(AY - 0) —— B (Y, 07)
b (AL/(AY —0) —&— hE(Y,07)

is commutative. In light of Lemma the result for k finite follows immediately from
[EHK™18b, Corollary B.2.5(2)]. O

Proof of Theorem[3.1.3, The source and target of X3 ; Limot©y/s,e are both stable under base
change: this is obvious for the source, and for the target it follows from Theorem The
question is in particular local on S, so we can assume S qcqs. We can also assume Y qcgs
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as in the proof of Theorem By Noetherian approximation, we can then assume S of
finite type over Spec Z. In this case, equivalences in SH(S) are detected pointwise on S [BH18|
Proposition B.3], so we can assume that S is the spectrum of a field. Now the claim follows
from Proposition |3.1.7 g

3.2. Thom spectra of nonnegative virtual vector bundles.

Theorem 3.2.1. Let Y be a smooth S-scheme and & € K(Y) of rank > 0. Then there is an
equivalence

ThY/S(g) = Z’?[?,frhgr (Ya g)
in SH(S) ~ SH™(S), natural and symmetric monoidal in (Y,¢€).

Proof. We consider the following restriction of the diagram (3.1.2):

Vect(S) — T PShyy(Smg), —t 5 H(S), — -~ SH(S)

| = I | |2

K>0(S) — PShs;(Corr™ (Smg)) —— H™(S) = SH"(S).

Limot T fr

By Theorem the boundary of this diagram is strictly commutative. The composite of
the top row is symmetric monoidal and lands in Pic(SH(S)), hence it extends uniquely to a
symmetric monoidal functor Vect(S)8? — SH(S). The composite of the bottom row is right-lax
symmetric monoidal, and we claim that it is in fact strictly symmetric monoidal, i.e., that for
&,n € K>o(S) the structural map

%‘o,frhfsr(s7 5) ® E'ci‘o,frhfsr(s7 77) - E"ol?,frhgr(svg + 77)

is an equivalence. Indeed, this assertion is local on S, so we can assume that £ and 7 are
finite locally free sheaves on S, in which case the claim follows from the commutativity of
the diagram. Similarly, the composite of the bottom row lands in Pic(SH™(S)), as can be
checked locally on S. Thus, the bottom row extends uniquely to a symmetric monoidal functor
K>0(S)8P ~ K(S) — SH™(S), and we have an induced commutative diagram

Vect(S)s» —2 5 SH(S)

| e

K(S) —— SH™(S).

As a functor of S, the top horizontal map factors uniquely through K(S), giving the motivic
J-homomorphism K(S) — SH(S). Hence, we obtain the identification

Thg/s(&) ~ E’?['O,frhg(sug)
for £ € K5¢(S). To complete the proof, we must show that for f: Y — S smooth and £ € K5o(Y)
the canonical map
FEFRhT(Y,€) = BF S (Y, 6)
is an equivalence. The assertion is local on Y (by Propositions iii) and , SO we can
assume that £ is a finite locally free sheaf. In this case, by Theorem [3.1.3] this map is identified
with the canonical map f; Thy v () — Thy/g(§), which is an equivalence. O

Corollary 3.2.2. Let k be a perfect field, Y a smooth k-scheme, and £ € K(Y) of rank > 0.
Then there is an equivalence
Q%O,fr ThY/k(ﬁ) =~ LjarLias hfcr(ny)gp

in HE(k), natural and symmetric monoidal in (Y,&). Moreover, if the rank of & is > 1, then
LunisLathff (Y, €) is already grouplike.
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Proof. The first statement follows from Theorem the fact that the functor
S HY(k)® — SH™ (k)

is fully faithful [EHK™18bl Theorem 3.5.13(i)], and the fact that the motivic localization functor
Lot can be computed as L,,.La1 on PShg(Corrfr(Smk))gp EHK™18b, Theorem 3.4.11]. If £
has rank > 1, then LyjsLiat hg(Y7 €) is grouplike by Lemma 0

Remark 3.2.3. In the setting of Corollary if ¢ has rank > n, then Ly Lathf(Y,€) is
n-connective (as a Nisnevich sheaf). This is obvious if n = 0. If n > 1, then it is grouplike
and hence equivalent to QF Thy /4 (§), which is n-connective by Morel’s stable A'_connectivity
theorem.

Corollary 3.2.4. Let k be a perfect field, Y a smooth k-scheme, and & € sVect(Y) of rank > 0.
Then there are equivalences

QF Thy /(&) ~ Lyar(Larhp™ (Y, €))% = Lyar (Lash§™ (Y, €))7,

natural in (Y,§).

Proof. The first equivalence follows by combining Corollaries and To deduce the
second equivalence from Corollary it is enough to show that

Lyar(Larh$T (Y, €))% & (Lynoch$T (Y, €))2P.

This follows from [EHKT18b, Remark 3.4.12], since La1h$™ (Y, &) is naturally a presheaf on

Corr™(Smy,), and for any X € Smy, the endomorphism o% of (La1h$™(Y,€))(X) is homotopic

to the identity by [Yak19, Lemma 3.1.4]. O

Remark 3.2.5. One can give a more direct proof of a less structured version of Corollary
if € = (€, m) € sVect>o(Y). Voevodsky’s lemma (Remark [2.2.2)) provides a map

Lunothy ™ (Y, )5 — QROFERF (V(E)/V*(€)).

To show that it is an equivalence, we can assume that { = O%. In this case, it follows from
[EHK " 18a), Corollary 3.3.8] that this map is inverse to the equivalence of T heorem (which
is tautological if rk & = 0). Note that there is no hope of obtaining the monoidal equivalence of
Corollary in this way, because sVect(Y) has no monoidal structure.

Corollary 3.2.6. Let S be pro-smooth over a field. For every & € K(S) of rank > 0, there is
an equivalence

QF 515 = Lo Lath (S, )5
in H(S). Moreover, if & has rank > 1, we can replace the group completion on the right-hand
side by Nisnevich sheafification.
Proof. By Theorem we have an equivalence
215 =~ BF 0 (S, €)
for any scheme S. By adjunction, we get a map
LoarLathf (S, €8P — QF 55 1s.

To prove that it is an equivalence when S is pro-smooth over a field, we can assume ¢ trivial
since the question is local on S. We are then reduced to the case of a perfect field, which follows

from Corollary O
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3.3. General nonnegative Thom spectra.

Definition 3.3.1. Let S be a scheme. A stable tangential structure over S is a morphism
B: B — K in PShy(dSchg). We say that § has rank n if § lands in the rank n summand of
K-theory. Given a quasi-smooth morphism f: Z — X with Z € dSchg, a S-structure on f is a
lift of =L to B(Z).

Given a stable tangential structure 8 over S, we denote by ?QSmg : dSchg” — Spc the moduli
stack of -structured finite quasi-smooth schemes over S:

foSmg (X) = {B-structured finite quasi-smooth derived X-schemes}.

Example 3.3.2. Let ¢, be the inclusion of the rank n summand of K. A ¢,-structure on a
quasi-smooth morphism f is simply the property that f has relative virtual dimension —n. We
will also write

FA8mg = FASmg"
for the moduli stack of finite quasi-smooth schemes of dimension —n. If n = 0, this is the

moduli stack FSyng of finite syntomic schemes (which is a smooth quasi-separated algebraic
stack over S), by Lemma [2.2.1]

Example 3.3.3. If §: x — K is the zero section, then a §-structure on a quasi-smooth mor-
phism f: Z — X is an equivalence £; ~ 0 in K(Z), i.e., a (stable) 0-dimensional framing of f.
The presheaf ?QSmg coincides with the presheaf S}'Syng considered in [EHK™18bl 3.5.17].

Example 3.3.4. If § is the fiber of det: K — Pic, then a B-structure on a quasi-smooth
morphism f: Z — X is an equivalence det(Ls) =~ Oz. We call this structure an orientation of
f, and we write
FOSmg = FQSmy

for the moduli stack of oriented finite quasi-smooth schemes. We note that det™'(O) coincides
(on qcqs derived schemes) with the presheaf K5 from Example defined as the right
Kan extension from derived affine schemes of the group completion of the monoidal groupoid
Vect® of locally free sheaves with trivialized determinant. Indeed, on derived affine schemes,
sVectSt — K5 is a plus construction (see Remark , and in particular it is acyclic. The
map sVect>" — detfl(O) is also acyclic, being a pullback of sVect — K. It follows that K5 —
det_l((‘)) is an acyclic map, whence an equivalence since the source has abelian fundamental
groups.

Example 3.3.5. If 3 is the fiber of the motivic J-homomorphism K — Pic(SH), then a -
structure on a quasi-smooth morphism f: Z — X is an equivalence Thy (L) >~ 17 in SH(Z) ~
SH(Z.) (see [Khal6] for the extension of SH(—) to derived schemes).

Example 3.3.6. Let Y € dSchg and & € K5(Y). If 8: Y — K classifies £, then &"QSmg =
hi (Y, €) as defined in
For (8 a stable tangential structure over S, we formally have
B ~ 3 fr
FO8myg ~ Yce%légs hg'(Y, B(b))
beB(Y)

in PSh(dSchg), where the colimit is indexed by the source of the Cartesian fibration classified
by B: dSchg” — Spc. Note that this co-category has finite sums (because B is a Y-presheaf)
and hence is sifted, so that the above formula is also valid in PShs;(Corr™ (dSchg)).

Proposition 3.3.7. Let S be a scheme. The functor
PShy;(dSchs) k., — PShy(Corr'™(dSchg)), A+ fr"QSm’g,

preserves Nisnevich equivalences and étale equivalences.
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Proof. Note that this functor preserves sifted colimits. By [Lurl7b, Corollary 5.1.6.12], there is
a canonical equivalence PShy;(dSchs) k., ~ PShx((dSchs)/k.,). By [BHIS8, Lemma 2.10], it
therefore suffices to prove the following: for any Y € dSchg, any £ € K>((Y), and any Nisnevich
(resp. étale) covering sieve R — Y, the induced map hff(LxR, &) — h¥ (Y, €) is a Nisnevich (resp.
étale) equivalence. If R is a finitely generated sieve, this follows from Proposition iii)
since LyR is a sieve generated by a single map. If Y is quasi-compact, then R admits a finitely
generated refinement, so we are done in this case. In general, write Y as a filtered colimit
of quasi-compact open subschemes Y, C Y and let R, = R Xy Y,. Then the canonical
map colim, hf(Y,, &) — hE(Y,€) is an equivalence on quasi-compact derived schemes, and
in particular it is a Nisnevich equivalence. Similarly, colim, hif(LgRq, &) — hE(LsR,€) is a
Nisnevich equivalence, and we conclude by 2-out-of-3. O

The following somewhat technical definition plays a crucial role in the sequel.

Definition 3.3.8. A stable tangential structure 3: B — K over S is called smooth if the counit
map B — B is a Nisnevich equivalence, where B is the left Kan extension of B|Smg to dSchs.

Lemma 3.3.9. Let S be a scheme and 5: B — K a stable tangential structure over S. Suppose
that B is left Kan extended along SmAfir C dAfft for every T in some affine Nisnevich cover
of S. Then [ is smooth.

Proof. Consider the square of adjunctions

PShyis (Sms) > PShy(dSchs)

res\H\RKE res\H\RKE

PShyis(SmAfT) 2o PShys(dAffz).

It is easy to show that the square of right adjoints commutes, because the inclusions SmAffr C
Smt and dAffr C dSchr induce equivalences of Nisnevich co-topoi. Hence, the square of left
adjoints commutes as well. This shows that the counit map B — B is a Nisnevich equivalence
when restricted to dAfft for all T in the cover, hence it is a Nisnevich equivalence. O

In Appendix [A] we provide many examples of stable tangential structures satisfying the
assumption of Lemma, which are therefore smooth. In particular, K-theory itself has this
property. More generally, if X is a smooth algebraic stack over S with quasi-affine diagonal and
with a structure of €;-monoid over Vect, and if I C Z is any subset, then the stable tangential
structure X8&P x1,.z Lyl — K is smooth (by Corollary and Lemma . For example,
the stable tangential structures in Examples [3.3.2} [3.3.9 and [3.3.4] are smooth, while the one
in Example is smooth if and only if Y is smooth.

We briefly recall the formalism of motivic Thom spectra from [BHIS| Section 16]. To a
morphism 5: B — Pic(SH) in PSh(Smg) one can associate a Thom spectrum Mg € SH(S).
As in topology, it is given by a formal colimit construction:

Mﬂ - f: Ygoshglnooth fﬁﬂ(b)
beB(Y)

Moreover, it has good multiplicative properties: one has a symmetric monoidal functor
M: PSh(SmS)/Pic(SH) — SH(S)
In particular, if 8 is an €,-morphism, then Mg is an &,-ring spectrum.
Recall also that the motivic J-homomorphism is a morphism of €..-spaces

K(S) = Pic(SH(S)), & — Thss(£),
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natural in S. Restricting M along the J-homomorphism, we obtain a symmetric monoidal
functor

M: PSh(Smsg),x — SH(S)
(which factors through H(S),k, see [BHIS, Remark 16.11 and Proposition 16.9]). For n € Z,
the shifted algebraic cobordism spectrum X1:MGLg € SH(S) is the Thom spectrum of the
restriction of the J-homomorphism to the rank n summand of K-theory [BH18, Theorem 16.13].

Theorem 3.3.10. Let S be a scheme and B: B — Kxo a smooth stable tangential structure
over S. Then there is an equivalence

Mp =~ £5, FOSmg

in SH(S) ~ SH™(S), natural and symmetric monoidal in 8. In particular, if 8 is &, for some
0 < n < oo, then this is an equivalence of €, -ring spectra.

Remark 3.3.11. In the statement of Theorem Mg depends only on the restriction
of § to Smg. If we start with a morphism fy: By — Ky in PShy(Smg), we can always
apply the theorem with §: B — K3 the left Kan extension of 5y to obtain an equivalence
Mgy ~ Z%frﬁQSmg. (Note that B is a 3-presheaf on dSchg, because for Xi,..., X € dSchg
the sum functor [[,(Sms)x,, — (Sms)]y, x,/ is left adjoint, hence coinitial.)

Proof. This is a formal consequence of Theorem We have
. : o) fr
M8 = golim Thy s(3(0)) = colim S5 hE(Y, 50),
beB(Y) beB(Y)
We therefore want to show that, when g is smooth, the map
: [es) fr : [es) fr
golim SFebg (Y, 5(b)) — colim I ehs (Y, 5(b))
beB(Y) beB(Y)
induced by the inclusion (Smg) /g C (dSchg) /g is an equivalence. By Proposition we may
as well assume that B is the left Kan extension of B|Smg. In that case, we claim that the
inclusion (Smg),g C (dSchg),p is right adjoint and hence cofinal. Indeed, we have
B(Y) = colim B(Y’),
Y’eSms
Y—Y'
hence (dSchs)/p ~ C/poq, Where C C Fun(A!, dSchg) is the full subcategory of morphisms

whose codomain is smooth. Forgetting the domain is then left adjoint to the above inclusion. [

Corollary 3.3.12. Let k be a perfect field and 5: B — K¢ a smooth stable tangential structure
over k. Then there is an equivalence

F6MB ~ LyarLa1 (FQSm) )eP

in H(k), natural and symmetric monoidal in 3. Moreover, if 8 has rank > 1, LniSLAlff"QSmi
18 already grouplike.

Proof. The first statement follows from Theorem [3.3.10as in the proof of Corollary Let
B: B — Kxq be the left Kan extension of 3|Smy. Since § is smooth, the map

F0Sm! — FOSm?

is a Nisnevich equivalence by Proposition After applying La1, it remains an effective
epimorphism on Nisnevich stalks. To prove that LysLa: S"QSmg is grouplike when g has rank
> 1, we may therefore replace 8 by § and assume that B is left Kan extended along Smy, C dSchy.
In this case, we have an equivalence

foSmf ~ colim hi*(Y, B(b)).

YeSmy,
beB(Y)
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Since L a1 preserves colimits as an endofunctor of PSh(Smy,), we have

LpnisLa1 FOSm? ~ Lpig colim Laihf (Y, 8(b)) = Lpis colim Ly Larhif (Y, B(b)).
Y ESmy Y ESmy
bEB(Y) bEB(Y)
Since this colimit is sifted, it can be computed in PShy(Corr™ (Smy,)). By Corollary each

sheaf Ly;sLa1hif (Y, 3(b)) is grouplike, so we conclude using the fact that grouplike objects are
stable under colimits. d

Corollary 3.3.13. Let k be a perfect field and 5: B — K¢ a smooth stable tangential structure
over k. For any n > 1, there is an equivalence

QB Lot FOSMY ™ ~ Lo (FOSMY )20

Proof. This follows immediately from Corollary [3.3.12] since M(S + n) ~ ZHM§. O

Remark 3.3.14. The equivalence of Theorem [3.3.10| admits a conditional description in terms
of virtual fundamental classes as follows. For #: B — K a smooth stable tangential structure
over S, let fPQSmg denote the moduli stack of proper quasi-smooth S-schemes with S-structure.
There should exist a canonical morphism

feg: PQSmMY — QF ,Mp

in PShy(Corr™(Smg)) sending f: Z — X to the image by the Cysin transfer f: M3(Z, L) —
MB(X) of the Thom class tg(—Lf) € MB(Z, L) determined by the lift of —£; to B(Z). Assum-
ing the existence of fcg with evident naturality and multiplicativity properties, one can show
that the equivalence of Theorem is adjoint to fcﬂ|3"QSmg. Indeed, it is enough to prove
this when S is the class of a finite locally free sheaf & on a smooth S-scheme Y. In this case, it
is easy to check that the composite

e
bl (V(€)/V*(£)) —L5 bl (Y, €) <5 QF BF (V(E)/VX(€))
is adjoint to the identity.
This can partially be made precise for 5 of rank 0. Gysin transfers for regular closed immer-

sions between classical schemes are constructed in [DJKI§|. Using the canonical factorization
Z — V(f.0z) — X of a finite syntomic morphism f: Z — X, one can construct a morphism

feg: FSyng — QFMB

in CMon(PShy(Smg)), which is natural in 8 (cf. [EHKT18al §3.1]). Unfortunately, this does
not suffice to carry out the above argument. When 8 = 0 € K(Y) for some smooth S-scheme Y,
the assertion that fcg is induced by the equivalence of Theorem is nevertheless verified
by [EHK™18a, Theorem 3.3.10].

Remark 3.3.15. For 8 a smooth stable tangential structure of rank 0 over a perfect field k,
one can obtain more directly an equivalence QFMf ~ L, Lat (?Synf )8P using the morphism
feg: FSyn) — QFMB
from Remark [3.3.14l By |[EHK™18a, Theorem 3.3.10] and [EHK™18b, Corollary 3.5.16], fc%p is
a motivic equivalence when 8 = 0 € K(Y) for some smooth k-scheme Y. It follows that fc%p isa
motivic equivalence for any 5 € K(Y) of rank 0, since the question is local on Y. Finally, since
fcs is natural in 8 and Q5 preserves sifted colimits [EHK™18b, Corollary 3.5.15], we deduce
that fc%p is a motivic equivalence for any 8 of rank 0. However, this approach does not suffice
to understand MGL-modules over perfect fields (as in Theorem below), because we do not

yet know if the morphism fcg can be made symmetric monoidal in 3, nor if it can be promoted
to a morphism of presheaves with framed transfers.
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Question 3.3.16. Following the discussion in Remark [3.3.14] it is natural to ask the following
questions:

(1) For 8 a smooth stable tangential structure of rank > 0 over a perfect field k, is the
inclusion foSmf C fPQSmf a motivic equivalence after group completion?

(2) For 8 a smooth stable tangential structure of arbitrary rank over k, is there an equiva-
lence QFMB = Lipor (PASmY )P ?

Regarding (1), Remark implies that Lmot(i}'QSmf )8P is a direct factor of Lmot(TQSmf)gp.
Moreover, for 3 = idg, one can show that the Al-localization L s1PQ8m;, is already grouplike
(the proof will appear elsewhere). An affirmative answer to (1) would therefore imply that
LmotiPQSmg is the group completion of Lot FSyny,.
3.4. Algebraic cobordism spectra.
Theorem 3.4.1. Let S be a scheme.
(i) There is an equivalence of €s-ring spectra
MGLg >~ X5 F8yng

in SH(S) ~ SH™(S).
(ii) For every n > 1, there is an equivalence of MGLg-modules

YTMGLs >~ %5 FO8mg
in SH(S) ~ SH™(S).
(iii) There is an equivalence of €-ring spectra

\/ SHEMGLs ~ %F,F08ms

n=0
in SH(S) ~ SH™(S).
Proof. These are instances of Theorem [3.3.10} where £ is the inclusion of the rank n summand

of K-theory (for (i) and (ii)) or the identity map K>¢ — Kx¢ (for (iii)). Indeed, these summands
of K-theory satisfy the assumption of Lemma by Example O

Corollary 3.4.2. Let S be a pro-smooth scheme over a field.
(i) There is an equivalence of € -ring spaces
QF xMGLs >~ Lo Lia1 (FSyng)#P
in HY(S).
(ii) For every n > 1, there are equivalences of FSyng-modules
T 2T MGLg = Lo L1 (FQ8mG)®P >~ Ly L1 FASmMG
in HY(S).
(iii) There is an equivalence of € -ring spaces
T |V SHMGLs | ~ LyaLar (FQSmg )&
n>0

in H(S).
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Proof. When S is the spectrum of a perfect field, these statements are instances of Corol-
lary [3:3:12] In general, we can choose a pro-smooth morphism f: S — Speck where k is a
perfect field, and the results over k pull back to the results over S. 0

Let us also spell out the specializations of Theorem [3.3.10|and Corollary[3.3.12|to the smooth
stable tangential structure of Example [3.3.4

Theorem 3.4.3. Let S be a scheme.

(i) There is an equivalence of &€x-ring spectra
MSLg ~ X5 FSyng'
in SH(S) ~ SH™(S).
(ii) For every n > 1, there is an equivalence of MSLg-modules
SEMSLg ~ XF, FO8Smg""
in SH(S) ~ SH™(S).
(iii) There is an equivalence of &1-ring spectra

\/ SHMSLs ~ £F, FOSmg'

n=0

restricting to an equivalence of € -ring spectra

\/ SFMSLs ~ F;, FOSmg"*"

n=0
in SH(S) ~ SH™(S).
Corollary 3.4.4. Let S be a pro-smooth scheme over a field.
(i) There is an equivalence of € -ring spaces
QF MSLs > Lyar La1 (FSyng" )P
in HT(S).
(ii) For every n > 1, there are equivalences of FSyng -modules
T e o MSLg =~ LyarLiat (FASmg"")8P ~ LyisL A1 FASmg "
in HT(S).
(iii) There is an equivalence of €1-ring spaces
T |V SHMSLs | ~ Ly Las (FOSmE")eP
n=0
restricting to an equivalence of €. -ring spaces
T |V SFMSLs | ~ Ly Las (FQSmZY)eP
T, fr T s | = LzarLas( mg"")
n=0

in H(S).
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3.5. Hilbert scheme models. Using the A'-contractibility of the space of embeddings of a
finite scheme into A> (Corollary [2.4.6), we can recast our models for QFMGL and QFMSL
(and others) in terms of Hilbert schemes, at the cost of losing the identification of the framed
transfers and of the multiplicative structures.

Let X be an S-scheme. We define the functor Hilb™(X/S): Schg” — Spe by
Hilb™®(X/S)(T) = {closed immersions Z — X such that Z — T is finite and quasi-smooth},

and we denote by Hilb™™(X/S) the subfunctor where Z — T has relative virtual dimension
—n (which is contractible unless n > 0). By Lemma we have

Hilb™ (X /S) = Hilb™(X/S).

In particular, if X is smooth and quasi-projective over S, then Hilbqu’O(X/ S) is representable
by a smooth S-scheme (see [EHKT18b, Lemma 5.1.3]).

We also define
Hilb' (A /S) = colim Hilb™®(AZ/S),
and similarly for Hilb™*™ (A /S).
Lemma 3.5.1. Let S be a scheme. Then the forgetful map
Hilb' (A /S) — FQS8mg

is a universal A'-equivalence on affine schemes (i.e., any pullback of this map in PSh(Schg) is
an Al-equivalence on affine schemes).
Proof. Let f: T — S and let Z € FQ8mg(T). Form the Cartesian square
P, — T
J |2
Hilb™ (A /S) —— FQSms.

By universality of colimits, it suffices to show that Py — T is an Al-equivalence on affine
schemes. By inspection, Py is f; of the presheaf T’ — Emb/ (Z x1 T, AF) on Schr, and the
latter is A'-contractible on affine schemes by Corollary O

Theorem 3.5.2. Suppose S is pro-smooth over a field.
(i) There is an equivalence

QFMGLg =~ Lo (La: Hilb™ (A3 /S))8P.

(ii) For every n > 1, there are equivalences

QFEEMGLg ~ Lo (Lot Hilb ™ (A /8))8P ~ Ly Lar Hilb™ ™ (A /S).
Proof. This follows immediately from Corollary and Lemma [3.5.1 g

Define the functor Hilb®""(X/S): Schg® — Spc and the forgetful map
Hilb°""(X/S) — Hilb™*™(X/S)

so that the fiber over Z € Hilb™*"(X/S)(T) is the co-groupoid of equivalences det(Ly/7) ~ Oz.
In other words, Hilb®""(X/S) is the Weil restriction of the G,,-torsor Isom(det(Lz), Oz) over
the universal Z. In particular, if X is smooth and quasi-projective over S, then Hilbor’O(X/ S) is
representable by a smooth S-scheme.
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Theorem 3.5.3. Suppose S is pro-smooth over a field.
(i) There is an equivalence

QFMSLg =~ Lyar (L a1 Hilb™ (A /S))2P.

(ii) For every n > 1, there are equivalences

QFSEMSLg ~ Lyar (Lo Hilb™" (A /S))8 ~ Ly L a1 Hilb® ™ (AZ/S).

Proof. This follows immediately from Corollary and Lemma |3.5.1] noting that
Hilb*"" (AL /S) ~ Hilb' (A /S) X 505ms FASmMZ"™. O
For any smooth stable tangential structure §: B = K>, Lemma m gives a description of
QF M} in terms of the functor classifying derived subschemes Z of A®® with some structure on
the image of the shifted cotangent complex L£y[—1] in K-theory. However, it is perhaps more

natural to classify derived subschemes Z of A*° with some structure on the conormal sheaf
Nz a~ € sVect(Z). If f: B — sVect> is a morphism in PShyx(dSchs), we define the functor

Hilb”(A°/S): Sch® — Spc by the Cartesian squares
B(Z) Xsvect(z) {NZ/A%"} — T
| !
Hilb” (AL /S)(T) —— Hilb™ ™ (AL/9).

Lemma 3.5.4. Let S be a scheme and 3: B — sVect>( a stable tangential structure over S.
Then the forgetful map

Hilb? (A /S) — FQSm]

is an A'-equivalence on affine schemes.

Proof. This map is the colimit of the maps
hg™ (Y, B(b)) — b5 (Y, B(b)
over Y € dSchg and b € B(Y), which are Al-equivalences on affine schemes by Corollary
O

Theorem 3.5.5. Let k be a perfect field and B: B — sVect>q a smooth stable tangential
structure over k. Then there is an equivalence

QFMS ~ Lyar (Las Hilb? (A5 /E))2P.

Moreover, if 8 has rank > 1, LyisL a1 Hilb” (A2 /k) is already grouplike.
Proof. This follows immediately from Lemma and Corollary [3.3.12 0

On can recover Theorems and from Theorem [3.5.5| using the motivic equivalences
sVect — K and sVect®" — K5 and the fact that the functor M: PSh(Smg)/x — SH(S) inverts
motivic equivalences [BH18|, Proposition 16.9].
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4. MODULES OVER ALGEBRAIC COBORDISM

In this section, we show that modules over motivic Thom ring spectra can be described

as motivic spectra with certain transfers. We first treat the case of MGL in §4.1] where we

construct a symmetric monoidal equivalence between MGL-modules and motivic spectra with
finite syntomic transfers. We then treat the case of MSL and explain the general case in §4.2]
Finally, in §4.3] we describe the motivic cohomology spectrum HZ, which is an MGL-module, as
a motivic spectrum with finite syntomic transfers: it is the suspension spectrum of the constant
sheaf Z equipped with canonical finite syntomic transfers.

It is worth pointing out that, although the theorems in this section do not involve any
derived algebraic geometry, their proofs use derived algebraic geometry in an essential way (via

Section .

4.1. Modules over MGL. Let Corr™™(Smg) denote the symmetric monoidal (2, 1)-category
whose objects are smooth S-schemes and whose morphisms are spans

X%ZXY

where f is finite syntomic. Let H"(S) denote the full subcategory of PShy(Corr™™(Smg))
spanned by the Al-invariant Nisnevich sheaves, and let SH™"(S) be the symmetric monoidal
oo-category of T-spectra in H™(S). We have the usual adjunction

%o,fsyn : Hfsyn(s) = SHfsyn(S) : ’(}‘o,fsyn'
The symmetric monoidal forgetful functor
e: Corr™(Smg) — Corr™™(Smg)
(see [JEHK™18b, 4.3.15]) induces symmetric monoidal colimit-preserving functors
e : H™(S) » H™™(S) and €: SH"(S) — SH™"(S).
For clarity, we will denote the tensor products in H®(S) and SH™(S) by ® and the ones in
H®"(S) and SH™™(S) by @™
We denote by h§¥"(X) the presheaf on Corr™™(Smg) represented by X € Smg.

Lemma 4.1.1. The forgetful functor e,: H®*(S) — HT(S) is a strict H™(S)-module functor.
In other words, for any A € H¥(S) and B € H™™(S), the canonical map

AT e, (B) = e.(e°(A) @™ B)

is an equivalence.

Proof. Since €, preserves colimits, we can assume that A = hff(X) and B = hfssyn(Y) for some
smooth S-schemes X and Y. Since the stable tangential structure ¢y is smooth, we have by
Proposition [3.3.7] a Nisnevich equivalence

cotim hE (Y xs Z,m5(€)) — hg”™ (Y),
where the colimit is over all Z € Smg and £ € K(Z) of rank 0. Hence, it suffices to show that
the map
b (X) ®" h§ (Y xs Z,75(€)) = h§ (X x5 Y x5 Z, m5(€))
is a motivic equivalence for all such pairs (Z, £). Since the question is local on Z (by Propositions

2.3.1fiii) and , we can assume £ = 0, in which case it is obvious. O

[es) ~ [es)
Lemma 4.1.2. YT e, > e, X7
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Proof. By Lemma the T-stable adjunction
€ SH™(S) = SH™™(S) : ¢,

is obtained from the unstable one by extending scalars along X3y, : H™(S) — SHT(S). This
immediately implies the result. U

Theorem 4.1.3. Let S be a scheme. There is an equivalence of symmetric monoidal co-
categories

Modygr(SH(S)) ~ SH™(S),
natural in S and compatible with the forgetful functors to SH(S).

Proof. By Theorem i), we have an equivalence of motivic €.-ring spectra
fsyn
MGLs ~ X3, hg”"(S).
By Lemma the right-hand side is 6*2%7fsynh§yn(8), which means that MGLg is the image
of the unit by the forgetful functor SH®"(S) — SH(S). We therefore obtain an adjunction

Modyicr(SH(S)) # SHE™(S)

where @ is symmetric monoidal and ¥ is conservative. It remains to show that the unit map
MGLs ® BFY, — U®(MGLs ® BFY.) =~ UBF,  he¥™ (Y)
is an equivalence for every Y € Smg. By Lemma again, this map is 3, of the map
hg™™(S) @ () = b (Y),
which is an equivalence by Lemma |4.1.1 O
Theorem 4.1.4. Let k be a perfect field.
(i) There is an equivalence of symmetric monoidal co-categories
ModyaL(SHY (k)) ~ H™™ (k)&
under SH'T (k) ~ H (k)P
(ii) There is an equivalence of symmetric monoidal co-categories
Modyicr, (SH (k)) ~ SHS -5 (k)
under SH™ (k) ~ SHS ().

Proof. The proof of () is exactly the same as that of Theorem using Corollary -
instead of Theorem We obtain (ii) from (i) by stabilizing.

As a corollary, we obtain a cancellation theorem for A l-invariant sheaves with finite syntomic
transfers over perfect fields:

Corollary 4.1.5. Let k be a perfect field. Then the co-category H™™ (k)& is prestable and the
functor g : HS(k)8P — H™™ (k)2 is fully faithful.
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4.2. Modules over MSL. We have completely analogous results for MSL instead of MGL.
Consider the symmetric monoidal (2, 1)-category Corr® (Smg) whose objects are smooth S-
schemes and whose morphisms are spans

7
N
X Y
where f is finite syntomic together with an isomorphism wy ~ Oz. We can form as usual the

symmetric monoidal oco-categories H"(S) and SH®'(S). The following results are proved in the
same way as the corresponding results from

Theorem 4.2.1. Let S be a scheme. There is an equivalence of symmetric monoidal co-
categories
MOdMSL(SH(S)) ~ SHOY(S)7
natural in S and compatible with the forgetful functors to SH(S).
Theorem 4.2.2. Let k be a perfect field.

(i) There is an equivalence of symmetric monoidal co-categories
Modysr, (SHY® (k) ~ HO" (k)P

under SHM (k) ~ H (k)2P.

(ii) There is an equivalence of symmetric monoidal co-categories
Modyst, (SH (k) ~ SHS (k)

under SH™ (k) ~ SHS ().

Corollary 4.2.3. Let k be a perfect field. Then the co-category HO (k)P is prestable and the
functor Xg: H"(k)&P — HO"(k)&P is fully faithful.

Remark 4.2.4. There are analogs of the above results for any €; smooth stable tangential struc-
ture B of rank 0 over S. Indeed, one can construct an co-category Corr? (Smg) of S-structured
finite syntomic correspondences using the formalism of labeling functors from [EHK™18bl §4.1],
in a manner similar to the construction of Corr™(Smg). Then for S arbitrary and k a perfect
field, we have equivalences of co-categories

Modys(SH(S)) ~ SH(S),
Modys (SHY T (k)) ~ HP (k)#P,
Mod s (SH (k) ~ SHS A (k),

which are symmetric monoidal if 3 is €.,. Moreover, the co-category H?(k)&P is prestable and
the functor g : HP (k)8 — HP(k)&P is fully faithful.

4.3. Motivic cohomology as an MGL-module. For A a commutative monoid, let Ag de-
note the corresponding constant sheaf on Smg, which is an A'-invariant Nisnevich sheaf. The
sheaf Ag has canonical finite locally free transfers [BH18|, Proposition 13.13], and in particular
finite syntomic transfers.

Let HZg € SH(S) be the motivic cohomology spectrum defined by Spitzweck [Spil8], which is
an &€ wo-algebra in Modygr (SH(S)) [Spil8, Remark 10.2]. The following theorem is a refinement
of [Hoy18| Theorem 21]:

Theorem 4.3.1. For any scheme S, there is an equivalence of € -algebras
HZS ~ E%fsynzs
in Modyiar(SH(S)) ~ SH™™(S).
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Proof. We first note that the right-hand side is stable under base change, since E%‘iﬁe*(zs) is
[HoyI8, Lemma 20, X5 6. ~ e X5y, (Lemma [£.1.2), and e, commutes with base change
(by Theorem . We can therefore assume that S is a Dedekind domain. In this case,
QF tsynHZs is the constant sheaf of rings Zg with some finite syntomic transfers. As shown
in the proof of [HoyI8| Theorem 21], these transfers are the canonical ones for framed finite
syntomic correspondences. Since Zg is a discrete constant sheaf and every finite syntomic
morphism Z — X can be framed Zariski-locally on X, we deduce that Q%fsynHZS is Zg with
its canonical finite syntomic transfers. By adjunction, we obtain a morphism of €.,-algebras

©Ys: Z%fsynzs — HZg

in Modmcr (SH(S)), which is stable under base change. It thus suffices to show that ¢g is an
equivalence when S is the spectrum of a perfect field, but this follows from Theorem O

Arguing as in [Hoy18|, Corollary 22], we obtain the following corollary:

Corollary 4.3.2. Let S be a scheme and A an abelian group (resp. a ring; a commutative ring).
Then there is an equivalence of HZg-modules (resp. of &1-HZg-algebras; of €-HZg-algebras)

HAS = E’(i?,fsynAS
mn MOdMGL(SH(S)) =~ SHfsyn(S)'

Remark 4.3.3. It follows from Theorem that the canonical morphism of €..-ring spectra
MGLs — HZs is XF ., of the degree map deg: FSyng — Ns.

APPENDIX A. FUNCTORS LEFT KAN EXTENDED FROM SMOOTH ALGEBRAS

A surprising observation due to Bhatt and Lurie is that algebraic K-theory, as a functor on
commutative rings, is left Kan extended from smooth rings. In this appendix, we present a
general criterion for a functor on commutative rings to be left Kan extended from smooth rings,
which we learned from Akhil Mathew, and we apply it to deduce some variants of the result of
Bhatt and Lurie that are relevant for the applications of Theorem [3.3.10

A morphism of derived commutative rings f: A — B is called a henselian surjection if mo(f)
is surjective and (mo(A), ker mo(f)) is a henselian pair.

Proposition A.0.1 (Mathew). Let R be a commutative ring (resp. a derived commutative
ring) and F: CAlgg — Spe (resp. F: CAlgk — Spc) a functor. Suppose that:

(1) F preserves filtered colimits;

(2) for every henselian surjection A — B, the map F(A) — F(B) is an effective epimor-
phism;

(3) for every henselian surjections A — C «+ B, the square

F(A x¢B) —— F(B)
F(A) —— F(C)
is Cartesian.
Then F is left Kan extended from CAlgg®.

Remark A.0.2. Conditions (1) and (2) of Proposition are also necessary, since they hold
when F = Mapsg, (S, —) for some smooth R-algebra S [Gru72, Théoréme 1.8]. Condition (3), on
the other hand, is not (for example, it fails for K-theory).
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Proof. Let F be the left Kan extension of F|CAlg®". Then F is a colimit of functors satisfying
conditions (1)—(3) and in particular it satisfies conditions (1) and (2). The canonical map
F — F is an equivalence on smooth R-algebras, hence on ind-smooth R-algebras. For any
A e CAlgg (resp. A € CAlgg), we can inductively construct an augmented simplicial object
B such that B[@] = A and, for each n > 0, B[A"] is ind-smooth and B[A"] — B[0A"] is a
henselian surjection. To conclude, we prove that both F and F send B to a colimit diagram.
Since F is a colimit of functors that satisfy (1)-(3), it will suffice to show that F(B) is a
colimit diagram. Henselian surjections are stable under pullback, so the map B[L] — B[K] is
a henselian surjection for any inclusion of finite simplicial sets K C L. In particular, by (2),
F(B[L]) — F(BIK]) is an effective epimorphism.

Let K be a finite nonsingular simplicial set. Then K can be built from @ and simplices A™ by
a finite sequence of pushouts, which are transformed by B[—] into Cartesian squares of henselian
surjections. By (3), we deduce that F(B[K]) ~ F(B)[K] for such K, since this is trivially true
for K = @ and K = A™. Applying this to K = dA”, we conclude that F(B)[A"] — F(B)[0A"]
is an effective epimorphism, hence that F(B) is a colimit diagram. O

Example A.0.3. SH": CAlgg — 00-Cat is left Kan extended from CAlgl™ (apply Proposi-
tion [A.0.1] to Fun(A™, SH(—)“)= for n > 0).

Proposition A.0.4 (Mathew). Let R be a derived commutative ring and X a smooth algebraic
stack over R with quasi-affine diagonal (e.g., a smooth quasi-separated algebraic space), viewed
as a functor X: CAlgﬁ — Spc. Then X is left Kan extended from CAlgg".

Proof. We check conditions (1)—(3) of Proposition Condition (1) holds because X is
locally of finite presentation, and condition (3) holds because Spec(A X¢ B) is the pushout
of Spec(B) - Spec(C) — Spec(A) in the oo-category of derived algebraic stacks. It remains
to check condition (2). Let A — B be a henselian surjection between derived commutative
R-algebras, and let A’ = mpA X, B be the relative O-truncation of A over B. Since A — A’
induces an isomorphism on 7 and X is smooth and nilcomplete, the induced map X(A) — X(A')
is an effective epimorphism [Lurl8, Lemma 17.3.6.4 and Remark 17.3.9.2]. Moreover, by (3),
X(A") ~ X(moA) xx(r,B) X(B). Thus, it remains to show that X(mpA) — X(mB) is an effective
epimorphism. In other words, we can assume A discrete and B = A/I for some ideal I C A such
that (A,I) is a henselian pair.

Let f: Spec(A/I) — X be a morphism over R. We must show that f can be extended
to Spec(A), and we may as well assume that A = R. Since Spec(A/I) is quasi-compact, we
can replace X by a quasi-compact open substack and assume X finitely presented over A. By
condition (1), we can also assume that I C A is a finitely generated ideal. Then the pair (A,I)
is a filtered colimit of pairs that are henselizations of pairs of finite type over Z. By [Ryd15]
Proposition B.2], we are reduced to the case where (A,I) is the henselization of a pair of finite
type over Z. In this case, the map A — A{ is regular [Stacks, Tag 0AH5], hence is a filtered
colimit of smooth morphisms A — B, by Popescu [Stacks, Tag 07GC]. Since X is smooth over
A, we can compatibly extend f to Spec(A/I") for all n. As X is now Noetherian with quasi-
affine diagonal, we can extend f to Spec(Af') by Grothendieck’s algebraization theorem (as
generalized by Bhatt and Halpern-Leistner [BHL17, Corollary 1.5] or Lurie [Lurl8, Corollary
9.5.5.3]), hence to Spec(B,,) for some . We are thus in the following situation:

Spec(A/I) —— Spec(B,) —— Spec(A).
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Since (A,I) is henselian and B, is a smooth A-algebra, the morphism Spec(B,) — Spec(A)
admits a section fixing Spec(A/I), so we are done. O

Corollary A.0.5. Let R be a derived commutative ring and X a smooth algebraic stack over R
with quasi-affine diagonal and a monoidal structure. Then the group completion X8P: CAIgﬁ —
Spc is left Kan extended from CAlgg".

Proof. For every A € CAIgﬁ, the oo-category (CAlgR") s has finite coproducts and hence is
sifted. It follows that the forgetful functors Mon®P(Spc) — Mon(Spc) — Spc commute with
left Kan extension along the inclusion CAlgg® C CAlgﬁ (since they preserve sifted colimits).
In particular it suffices to show that the functor

XeP: CAlgs — Mon®P(Spc)

is left Kan extended from CAlg". This is the composition of X with the group completion
functor Mon(Spc) — Mon®P(Spc), which preserves colimits. It therefore suffices to show that
X is left Kan extended from smooth R-algebras, which follows from Proposition [AZ0.4] O

Example A.0.6. Corollary implies that the following functors CAlgﬁ — Spc are left
Kan extended from CAlgg™:

(1) algebraic K-theory K, which is the group completion of the stack of finite locally free
sheaves;

(2) oriented K-theory K5I, which is the group completion of the stack of finite locally free
sheaves with trivialized determinant;

(3) symplectic K-theory K5P, which is the group completion of the stack of finite locally
free sheaves (necessarily of even rank) with a nondegenerate alternating bilinear form;

(4) orthogonal K-theory K©, which is the group completion of the stack of finite locally
free sheaves with a nondegenerate quadratic form;

(5) Grothendieck—Witt theory GW, which is the group completion of the stack of finite
locally free sheaves with a nondegenerate symmetric bilinear form.

All these examples are presheaves of &-spaces, except K5 which is ;. However, the even
rank summand K5I ¢ K5 is €. Indeed, K5 is the pullback K X p;.z Z and the map Z — Pic?
is only €1, while its restriction to 2Z C Z is €.

Lemma A.0.7. Let F — H ¢ G be a diagram in Fun(CAlgﬁ, Spc). If F is left Kan extended
from CAlgg" and f is relatively representable by smooth affine schemes, then F xy G is left
Kan extended from CAlgg®.

Proof. We have a square of adjunctions

PSh(SmAff) 6 7 PSh(dAffr),c

| s

PSh(SmAffR) i 7 PSh(dAfFR),i

and we wish to prove that the square of left adjoints commutes. Under the identification
PSh(C),/x ~ PSh(C/x) [Lurl7h, Corollary 5.1.6.12] and the assumption on f, the functors f. are
precomposition with the pullback functors f*: (SmAffr)/zm — (SmAffr),q and f*: (Affr),/x —
(Affr),q. It is then obvious that the square of right adjoints commutes. O

Example A.0.8. Let F: CAIgﬁ — Spc be one of the functors from Example Then
there is a rank map F — LyZ. For any subset I C Z, let F; C F be the subfunctor consisting
of elements with ranks in I. Then Fy is left Kan extended from CAlgg®. This follows from
Lemma since Lyl C LyZ is relatively representable by smooth affine schemes.
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Remark A.0.9. The proof of Proposition is quite nonelementary. For the algebraic
stacks from Example [A20.6] it is possible to prove much more directly that they are left Kan
extended from CAlgk". Let us give such a proof for Vect itself. Since the rank of a vector
bundle on a derived affine scheme is bounded, we have

Vect = colim Vect,,.
Let
Grén - CkOhm h(GrO(Ak) Le--u Grn(Ak))a
— 00

where h is the Yoneda embedding. The canonical map Grg, — Vectg, is an effective epimor-
phism of presheaves on dAffR, since every vector bundle on a derived affine scheme is generated
by its global sections. For every n < k, choose a vector bundle torsor U,, ;, — Gr, (A¥) where
Uy, is affine, and choose maps U,, , — U,, y41 compatible with Grp(A*) — Gr,(AF1). Let

Ugn = colim h(UvoJ€ - Un,k)~
k—o0
Then the map Ug,, = Grg,, is an effective epimorphism of presheaves on dAffr, because every

vector bundle torsor over a derived affine scheme admits a section. Thus, Ug,, = Vectg,, is an
effective epimorphism, and hence Vect,, is the colimit of the simplicial diagram

5 Ugn XVect<,, Ugn —=< Ugp.-

Since Vectg,, is an Artin stack with smooth and affine diagonal, each term in this simplicial
object is a filtered colimit of smooth affine R-schemes.

APPENDIX B. THE 00-CATEGORY OF TWISTED FRAMED CORRESPONDENCES

In this appendix, we construct a symmetric monoidal co-category Corr* ((dSchs) k) whose
objects are pairs (X, §) where X is a derived S-scheme and ¢ € K(X), and whose morphisms are

spans
Z
PN
(X, ) (Y, n)

where £ is perfect together with an equivalence f*(§)+ £ ~ ¢*(n) in K(Z). We also construct
symmetric monoidal functors

Corr™(dSchs) — Corr®((dSchs) k), X+ (X,0),
7: (dSchg) /x — CorrL((dSchs)/K), (X,8) — (X,9),

where Corrfr(dSchs) is the oo-category of framed correspondences constructed in [EHK™18b)
Section 4] (with “scheme” replaced by “derived scheme” and “finite syntomic” by “finite quasi-
smooth”), and ~ extends v: dSchg — Corr™(dSchg). These constructions are used several
times in the paper. For example, the presheaf hif(Y,¢) on Corrfr(dSchs) is the restriction
of the presheaf represented by (Y, —¢) on the wide subcategory of Corr® ((dSchg) /) whose
morphisms have a finite quasi-smooth left leg, and the right-lax symmetric monoidal structure
on the functor (Y, &) — h (Y, ¢) is induced by the symmetric monoidal functor 7.

We will construct Corr” ((dSchg) k) using the formalism of labeling functors developed in
[EHK™18bl Section 4], although we need a minor generalization of that formalism allowing
objects to be labeled as well. The key is to generalize the notion of Segal presheaf as follows:

Definition B.0.1. Let X, be a simplicial co-category. A Segal presheaf on X, is a functor

F: / XP — Spc
Aop
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such that, for every n > 0 and ¢ € X,,, the map

F(o) = F(p1(0)) Xp(o1) = XF(on_1) F(P)(0))
induced by the Segal maps p;: [1] — [n] is an equivalence. It is called reduced if F|Xg is
contractible, and it is called complete if, for every v € Xg, the map F(v) — F(¢*(v)) induced
by the unique map ¢: [1] — [0] is an equivalence (equivalently, if F sends cocartesian edges over
AZh; to equivalences).
Note that a Segal presheaf in the sense of [EHK™18bl Definition 4.1.14] is exactly a reduced
Segal presheaf in the sense of Definition

Let C be an oco-category and M and N two classes of morphisms in C that are closed under
composition and under pullback along one another. Recall from [EHKT18bl 4.1.11] that we
can associate to such a triple (C,M, N) a simplicial co-category ®,(C,M, N) C Fun((A*)°P, C),
where ®,,(C, M, N) is the subcategory of Fun((A™)°P, C) whose objects are the functors send-
ing every edge of (A™)°P to M and whose morphisms are the Cartesian transformations with
components in N. We now repeat [EHK™18b, Definition 4.1.15] with our generalized notion of
Segal presheaf:

Definition B.0.2. Let (C,M, N) be a triple. A labeling functor on (C, M, N) is a Segal presheaf
on ®,(C,M,N).

Given a triple with labeling functor (C, M, N; F) and n > 0, we define the space Corr?, (C, M, N)
by applying the Grothendieck construction to the functor
Corr,(C,M,N) — Spc
sending an n-span o: (3, 3L ¥R) — (C, M, N) to the limit of the composite
/ By(D,, BL TRY)or 2 [ @y (C, M, N)P L Spe.
Aop Aop
As in [EHK™18b, 4.1.18], we obtain a functor

LabTrip — Fun(A°P,Spc), (C,M,N;F) — Corr} (C,M,N).
Let us unpack the simplicial space Corrf (C,M,N) in degrees < 1:

Corr (C,M,N) is the space of pairs (X, @) where X € C and a € F(X);
Corr?} (C,M,N) is the space of spans

Z
% X‘
X Y

where f € M and g € N, together with ¢ € F(f), 8 € F(Y), and an equivalence

1 (p) = g"(B);
e the degeneracy map so: Corr} (C, M, N) — Corr} (C,M,N) sends (X, a) to the identity

span on X with ¢ = *(a), f = «, and 0]¢* (@) =~ « the canonical equivalence;
e the face map dy: Corr! (C,M,N) — Corr{ (C, M, N) sends a span as above to (X, 05 (¢));
e the face map d; : Corr! (C,M,N) — Corr} (C, M, N) sends a span as above to (Y, ).

Proposition B.0.3. Let (C,M,N;F) be a triple with labeling functor. Then Corrf(QM,N)
s a Segal space. If F is complete, then Corrf(C,M, N) is a complete Segal space.

Proof. The proof of the first statement is exactly the same as the proof of [EHK™18b, Theorem
4.1.23]. The second statement is obvious from the description of 1-simplices above. O
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Remark B.0.4. One can show that the above construction subsumes Haugseng’s oo-categories
of spans with local systems [Haul8| Definition 6.8]. Indeed, to a presheaf of (complete) Segal
spaces F on an oo-category C with pullbacks, one can associate a (complete) labeling functor
F on C such that Corrf(C) is the Segal space of spans in C with local systems valued in &F.

Let us denote by “perf” the class of morphisms of derived schemes with perfect cotangent
complex. We now seek to construct a labeling functor X on the pair (dSch, perf), such that
the restriction of K to ®¢(dSch, perf)°P = dSch? is the K-theory presheaf K. Moreover, for an
n-simplex

o= Xp X1+ X,)

in ®,,(dSch, perf), the first vertex map X (o) — K(Xj) should be an equivalence (in particular,
XK should be complete), and for 0 < ¢ < n the ith vertex map K(Xo) ~ K(o) — K(X;) should
be f — f;"(f) +Lf7 where f1 Xi — X().

pt,rex

Let p: X — S be a coCartesian fibration classified by a functor S — oco-Cat In
[EHK™18b, Definition 4.2.8] we introduced the oo-category Gapg(n,X) of relative n-gapped
objects of X, which is equivalent to the full subcategory of Fun(A™, X) spanned by the functors
sending 0 to a p-relative zero object (i.e., a zero object in its fiber). Let

Filtg(n, X) = Fun(A", X).

The simplicial co-category Filtg(e, X) classifies a coCartesian fibration Filtg(X) — A°P. Let
Gapg(X) C Filtg(X) be the full subcategory on those functors A™ — X sending 0 to a p-
relative zero object. Then Gapg(X) — A°P is a coCartesian fibration classified by Gapg(e, X).
Moreover, the inclusion Gapg(X) C Filtg(X) has a left adjoint preserving coCartesian edges.
By straightening, it gives rise to a morphism of simplicial co-categories

Filtg (e, X) — Gapg (e, X)

over Fun(A*,S), sending xg — 1 — --- — @, to the relative n-gapped object Oy, —
x1/x0 = -+ — Tn/x0, Where x;/xo denotes a p-relative cofiber.

Remark B.0.5. When S = #, the simplicial map Filtg(e,X) — Gapg(e,X) is the one con-
structed by Barwick in [Barl6l Corollary 5.20.1]. However, for general S, our notion of “relative”
is essentially different.

We specialize to the coCartesian fibration p: Perf — dSch®®. For o: A" — dSch?, let
Gap, (Perf) be the fiber of the coCartesian fibration p. : Gapggeyer (1, Perf) — Fun(A™, dSch®?)
over o, and let Filt,(Perf) be the fiber of the coCartesian fibration p. : Filtagchor (n, Perf) —
Fun(A™,dSch?) over o. Then, by the additivity property of K-theory, we have canonical
equivalences

K(Gap, (Perf)) ~ K(o1) x -+ x K(o,,),
K(Filt, (Perf)) ~ K(og) x K(o1) % - -+ x K(0,),

such that the map Filt, (Perf) — Gap, (Perf) induces the projection onto the last n factors
(cf. [EHK™18bl 4.2.20]).

As in [EHK™18bl 4.2.22], we can take K-theory fiberwise to obtain a morphism of simplicial
coCartesian fibrations in spaces

KFiltggener (o, Perf) ———— KGapggpor (o, Perf)

\ /

Fun(A*,dSchP).
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In [EHKT18bl 4.2.17], we packaged the cotangent complex into a section
KGapggcpor (o, Perf)
L7 l
®,(dSch, perf)°? ——— Fun(A*®,dSch?).
Form the Cartesian square

P ——————— KFiltgscner (0, Perf)

(B.0.6) J l

®,(dSch, perf)P —£— KGapyg.or (o, Perf).

By [Lur09, Lemma 1.4.14], the right vertical map is a simplicial coCartesian fibration in spaces,
and hence the left vertical map induces a coCartesian fibration in spaces

/ P, — ®, (dSch, perf)°P,
Aop Aop
which is classified by a functor
X: ®,(dSch, perf)°? — Spe.
Aop
It is not difficult to show that X is a labeling functor on (dSch, perf) with the desired properties
(cf. [EHK™18bl Proposition 4.2.31]).

Definition B.0.7. Let S be a derived scheme. The oo-category CorrL((dSchs)/K) is the
complete Segal space CorrX (dSchg, perf).

The labeling functor
fr: / ®4(dSch, perf)°? — Spc
Aop

constructed in [EHKT18b, 4.2.29] is obtained from (B.0.6|) by pulling back £ further along the
zero section ®,(dSch, perf)°® — KFiltggenor (o, Perf), so there is a canonical natural transfor-
mation fr — X of labeling functors on (dSch, perf), inducing a functor

Corr™(dSchg) — Corr®((dSchs) k), X (X,0).
/

The functor
7: (dSchg) /kx — Corr*®((dSchs) k)

is simply the inclusion of the wide subcategory on those spans whose left leg is an equivalence.

Finally, we can equip Corr® ((dSchg) /Kk) with a symmetric monoidal structure, where

X, @ (Y,n) = (X xs Y, 7x(&) + 7y (n))-
To that end we must promote X to a symmetric monoidal labeling functor [EHK™18b, Definition
4.3.5]. This is done exactly as in [EHKT18b, §4.3], starting with the functor Fin, — coCart
sending I, to the coCartesian fibration Perfg — (dSchgP).
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