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Algebraic comparison theorem
Notation: K/Q, - finite, ¥k = GaI(?/K), C=K, KD Ok — k,
F = W(k).

Theorem (Algebraic comparison theorem) X /K — algebraic
variety. There exists a natural Bg-linear, ¥x-equivariant period
isomorphism (r > 0)

Qpst - Hért(X?7 QP) ®Qp Bst = HlfiK(X?) & For BSt7 (907 NJgK)a
agr © He(Xg, Qp) ®q, Bar ~ Hir(Xg) @k Bar,  Fil,

where ag4r = Qpst & B4r.



Algebraic varieties

@000

Algebraic comparison theorem
Notation: K/Q, - finite, ¥k = GaI(?/K), C=K, KD Ok — k,
F = W(k).

Theorem (Algebraic comparison theorem) X /K — algebraic
variety. There exists a natural Bg-linear, ¥x-equivariant period
isomorphism (r > 0)

Qpst - He[t(X?7 Qp) ®Qp Bst = HlflK(X?) QFnr BSta (907 N7 g4/’()7
agr © He(Xg, Qp) ®q, Bar ~ Hir(Xg) @k Bar,  Fil,

where ag4r = Qpst & B4r.

Here:

(1) Hig(X%) — Deligne de Rham cohomology (uses resolution of
singularities)

(2) H{;k(X%) — Beilinson Hyodo-Kato cohomology (uses de Jong's
alterations)



Algebraic varieties
0000

Hyodo-Kato cohomology

(i) locally: in h-topology alterations allow
U <~—>U

sstablei ihmap

Spec 0, X
finitel /
Spec Ok
Then we have
(a) Rl (%/0R), H*-finiterank/Fr, (¢, N),
(b) thk : Rl (%) 0F,) ®F, L~ RI4r(V).
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Hyodo-Kato cohomology

(i) locally: in h-topology alterations allow
U <~—>U

sstablei lhmap

Spec 0, X
finitel /
Spec Ok
Then we have
(a) Rl (%/0R), H*-finiterank/Fr, (¢, N),
(b) thk : Rl (%) 0F,) ®F, L~ RI4r(V).
(ii) globalization: make (i) geometric and glue in h-topology. Get
RMyk(Xx), H* finite rank/F™, (o, N,%k),
whk : RMuk (X)) @ K =~ RITgr(X%)
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Restated algebraic comparison theorem
(i) de Rham-to-étale comparison:

HE (X, Qp) = (Hik (X)) @FoBet) P~ N=0NFO(HiR (X)®KkBar), %k,
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Restated algebraic comparison theorem
(i) de Rham-to-étale comparison:

HE (X, Qp) = (Hik (X)) @FoBet) P~ N=0NFO(HiR (X)®KkBar), %k,
or: we have a bicartesian diagram (r > 0)

HE, (X Qu(r)) —— (i (X)) @ BEE) P =0

| |

F"(Hir(X) ®k BR) Hir(X) @k Blg

We will write it as (upper index refers to cohomology degree)

HE , —— HK}

L

Hr(Fr) —— DR’
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or: there exists an exact sequence

0— H;, = H(F")®@HK]; - DR"— 0

ét,r

Analytic varieties
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or: there exists an exact sequence

0 — H;

&, — H'(F') @ HKL — DR" — 0
(ii) étale-to-de Rham comparison:

Hom(HE (X, Qp). Bst) " = Hiy(Xg)", (. N, %),
Homg, (H (X, Qp), Bar) =~ Hir(Xg)*,  Fil
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Analytic varieties

X/K - smooth rigid analytic variety
Case 1 : X proper,
(A) Scholze:
(i) HL(Xc, Qp) is finite rank over Qp:
e Artin-Schreier to pass to coherent cohomology
e Cartier-Serre argument for finitness of coherent cohomology

(ii) Hodge-de Rham spectral sequence degenerates
= get de Rham comparison isomorphism:

OdR - Hért(Xc, Qp) ®Qp B4r >~ HgR(X) ®k Bgr, Fil,
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(B) Colmez-Niziot: Algebraic comparison theorem holds
(HK-cohomology is defined using Hartl and Temkin alterations
instead of de Jong's)

Qpst - Hgt(XC'y Qp) ®Qp Bst ~ H{{K(XC) @Fnr B, (gp, NagK)v
Q4R : Hért(Xc, Qp) ®Q, Byr ~ HgR(X) ®K Byr, Fil.
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(B) Colmez-Niziot: Algebraic comparison theorem holds
(HK-cohomology is defined using Hartl and Temkin alterations
instead of de Jong's)

Qpst - Hgt(XC'y Qp) ®Qp Bst ~ HIQK(XC) @Fnr B, (QD, NagK)v
Q4R : Hért(Xc, Qp) ®Q, Byr ~ HgR(X) ®K Byr, Fil.

(i) Tsuji, Kato, CN: p-adic nearby cycles = syntomic cohomology
(7<r) =

fr—
r—1 Tr—1 r
DR™ " ——Hyg,

— H'(F") & HK. — DR’ — 7L

syn,r
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(B) Colmez-Niziot: Algebraic comparison theorem holds
(HK-cohomology is defined using Hartl and Temkin alterations
instead of de Jong's)

Qpst - Hgt(XC'y Qp) ®Qp Bst ~ H{{K(XC) @Fnr B, (gp, NagK)v
Q4R : Hért(Xc, Qp) ®Q, Byr ~ HgR(X) ®K Byr, Fil.

(i) Tsuji, Kato, CN: p-adic nearby cycles = syntomic cohomology

(7<r) =
DR L HE,  — HY(FT) & HKL — DR'— HEH]

ét,r syn,r

(i) Lift the sequence to the category of Banach-Colmez (BC)
spaces
Suffices: f,_1,f, = 0. For f,_1, have

DR//H(F") — Dim = (d,0), H}, — Dim = (0, h),h > 0.

But in BC category there is no map between such spaces. For f,:
bring to this situation by twisting.
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Digression: Banach-Colmez spaces
What structure can we put on

HK = (Hi(Xc) @pw BENP7L o (Hi(Xc) @ BE)PL 7
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Digression: Banach-Colmez spaces
What structure can we put on

HK = (Hi(Xc) @pw BENP7L o (Hi(Xc) @ BE)PL 7

Example
0— Qpt = BL¥P C—0

So BL¥ P~ CaQ,.
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Digression: Banach-Colmez spaces
What structure can we put on

HK, = (Hi(Xc) 9 BEV# 7 = (Hi(Xc) @ BY 7

Example
0— Qpt = BL¥P C—0

So BL¥ P~ CaQ,.
More generally, we have
Fundamental exact sequence:

0 — Qpt™ — BL#=P" - Bjz/t"Bjz —

So: BL¥=P" ~C™"a Q,. But In which category ?
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Digression: Banach-Colmez spaces
What structure can we put on

HK = (Hi(Xc) @pw BENP7L o (Hi(Xc) @ BE)PL 7

Example
0— Qpt = BL¥P C—0

So BL¥ P~ CaQ,.
More generally, we have
Fundamental exact sequence:

0 — Qpt™ — BL#=P" - Bjz/t"Bjz —
So: BL¥=P" ~C™"a Q,. But In which category ?

Remark The category of topological vector spaces is not good:
CoQ,~C!
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Theorem (Colmez, Fontaine) There exists an abelian category of
Banach-Colmez vector spaces W which are finite dimensional
C-vector spaces = finite dimensional Q,-vector spaces. We have

1. Dim(W) := (dim¢ W, dimq, W); set ht W := dimq, W

2. Dim(W) is additive on short exact sequences.
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Theorem (Colmez, Fontaine) There exists an abelian category of
Banach-Colmez vector spaces W which are finite dimensional
C-vector spaces = finite dimensional Q,-vector spaces. We have

1. Dim(W) := (dim¢ W, dimq, W); set ht W := dimq, W

2. Dim(W) is additive on short exact sequences.
Example

1. Bjg/t™ is By with Dim(B,,) = (m,0).

2. BL#"=F" is U, with Dim(U, ) = (b, a).

3. C/Qp is V1/Q, with Dim = (1, -1).
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Case 2:
X/K Stein:
1. there exists an admissible covering by affinoids

€Uy €@Upt1 €

H(X,.Z) =0, .F-coherent, i > 0
3. RrProet(XCu Qp) =~ holim, RI_ét(Un,C, Qp)
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Case 2:
X/K Stein:
1. there exists an admissible covering by affinoids

€Uy €@Upt1 €

2. Hi(X F) =0, F-coherent, | >0
3. Rrproet(XC7 Qp) ~ holim, RI—et( n,C> Qp)
Examples
(1) X=Ak, r>0:
Hproet(Xc, Qp(r)) ~ QY (Ac)/ ker d,
Haroet(Xc, Qp(1)) ~ O(Ac)/C
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Case 2:
X/K Stein:
1. there exists an admissible covering by affinoids

€Uy €@Upt1 €

2. H(X,Z) =0, F-coherent, i >0

3. Rrproet(XC7 Qp) ~ holim, RI—et( n,C> Qp)
Examples
(1)X:AK, r>0:

Hbroe(Xc, Qp(r)) =~ Q7 (Ac)/ ker d,
H[}roét(XCv Qp(l)) ~ ﬁ(AC)/C

(2) X = Gk, there exists an exact sequence

0—=0(Gmc)/C— Hproet( m.C,Qp(1)) = Qp < dlogz >— 0

trivial ¥k-action on Q, < dlogz >
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(3) X = Pj \ P}(K) Drinfeld half-plane
0 — O(Xc)/C = Hapoer(Xc, Qp(1)) — Sp(Qp)* — 0

proét

Sp(Qp) = € (P(K),Qp)/Qp — (smooth) Steinberg representation
of GLy(K).
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(3) X = Pj \ P}(K) Drinfeld half-plane
0 — O(Xc)/C = Hapoer(Xc, Qp(1)) — Sp(Qp)* — 0

proét

Sp(Qp) = € (P(K),Qp)/Qp — (smooth) Steinberg representation
of GLy(K). Note

L H;;roét
2. Hodge- de Rham spectral sequence does not degenerate

is infinite dimensional
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(3) X = Pj \ P}(K) Drinfeld half-plane
0 = &(Xc)/C = Horoae(Xc, Qp(1)) = SP(Qp)" — 0
Sp(Qp) = € (P(K),Qp)/Qp — (smooth) Steinberg representation

of GLy(K). Note

e ) )
1. Hproét is infinite dimensional

2. Hodge- de Rham spectral sequence does not degenerate

Theorem (Colmez-Dospinescu-N) X /K Stein smooth rigid space
(or a dagger affinoid). There exists a map of exact sequences (all
cohomologies are of X¢)

r— r r ~R — " N—
0 e Q 1/ ker d - Hproét(QP(r)) - (HHK®F”'B:’;)¢ p",N=0 — 0
lo‘ LHK®0O

0> Q" 1/ ker d — Q=0 Hig 0
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Main theorem

Theorem (Colmez-N) X /K smooth dagger variety.
(i) de Rham-to-étale: there exists a bicartesian diagram

r r aR =p" N=
Hproee (Xc» Qp(r)) (Hi(Xc))@pnBL)#=P V=0

| e

~R ~R
H(F"(RIar(X)®kBgr)) Hir(X)@KBir
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Main theorem

Theorem (Colmez-N) X /K smooth dagger variety.
(i) de Rham-to-étale: there exists a bicartesian diagram

r r aR =p" N=
Hproee (Xc» Qp(r)) (Hi(Xc))@pnBL)#=P V=0

| e

~R ~R
H(F"(RIar(X)®kBgr)) Hir(X)@KBir

(i) étale-to-de Rham:

Hom(Hiyoee (X, Qp), Bt) K P = Hiy (Xc)™ (o, N, %),

proét

Hom‘fK(H;;roét(XCa Qp)v Bar) =~ HQR(X)*, Fil???
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Remarks
(1) X is proper then (degeneration of Hodge-de Rham sp. seq.)
r(cr SR r r ~R
H'(F'(RI4r(X)@xBgr)) = F"(Hir(X)©kBggr)

and the horizontal arrows are injective
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Remarks

(1) X is proper then (degeneration of Hodge-de Rham sp. seq.)
reecr oR r r SR
H'(F"(Rar(X)®xBgr)) ~ F'(Hir(X)©kBgg)

and the horizontal arrows are injective
(2) X is Stein or an affinoid then the two horizontal arrows are
surjective and their kernels are Q"~1(X¢)/ kerd.
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Remarks

(1) X is proper then (degeneration of Hodge-de Rham sp. seq.)
reecr oR r r SR
H'(F"(Rar(X)®xBgr)) ~ F'(Hir(X)©kBgg)

and the horizontal arrows are injective
(2) X is Stein or an affinoid then the two horizontal arrows are
surjective and their kernels are Q"~1(X¢)/ kerd.
(3) Topology: We work in the category of locally convex spaces
(quasi-abelian).

e Tensor products are projective (commute with limits) and

(right) derived.
e Overconvergence implies " good properties”:

1. higher derived functors of tensor products vanish,
2. cohomology is " classical”.
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Proof of the main theorem
Step 1: equip everything in sight with BC structure
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Proof of the main theorem

Step 1: equip everything in sight with BC structure
Step 2: reduce to X quasi-compact: write

X =UpU,, U, C Upt1, Uj-quasi-compact

C(X): 0—H,

proét,r(

X(:) — Hr(Fr)(Xc)EBHKi(Xc) — DRr(Xc) —0
Have C(X) = lim C(Up): use Mittag-Leffler in BC category to
control R* lim.

n
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Proof of the main theorem

Step 1: equip everything in sight with BC structure
Step 2: reduce to X quasi-compact: write

X =UpU,, U, C Upt1, Uj-quasi-compact

C(X): 0= H.

proét,r

(Xc) = H'(F")(Xc)®HK](Xc) = DR"(Xc) — 0
Have C(X) = |m C(U,): use Mittag-Leffler in BC category to

control R lim I%
Step 3: Assume X quasi-compact
Lemma Main Theorem is equivalent to the following:
1. The pair (Hijx(Xc), Hir(Xc), r > 0, is acyclic.
2. H .(Xc,Qp) is effective, i.e., has signature > 0, for all r.

proét

3. For all r,

ht(H,;roét(XC7 Qp)) - dImK HJR(X)
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Acyclicity and signature

An (M, M)- filtered (¢, N)-module is called acyclic if
(equivalently):

e the associated vector bundle & on Xgr is acyclic, i.e.,
HY(Xpp, &) =0

e & has HN slopes > 0

o (M®Bg)?=bN=0 (M ® Bgr)/F° is surjective

Remark If (M, Mk) is a weakly admissible filtered (¢, N)-module
then it is acyclic: all Harder-Narasimhan slopes of & are 0.
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Acyclicity and signature

An (M, M)- filtered (¢, N)-module is called acyclic if
(equivalently):
e the associated vector bundle & on Xgr is acyclic, i.e.,
HY(Xpp, &) =0
e & has HN slopes > 0
o (M®Bg)?=bN=0 (M ® Bgr)/F° is surjective

Remark If (M, Mk) is a weakly admissible filtered (¢, N)-module
then it is acyclic: all Harder-Narasimhan slopes of & are 0.

(1) Signature BC W has signature
e < 0if Hom(W, V1) = 0; < HY(Xgr, &), & a vector bundle

e =0 if it is affine, i.e., it is a successive extension of V1; think
HO(Xgg,.7), F coherent sheaf, supported at oo, torsion

e > 0 if it injects into Bdy; think HO(Xgr, &).
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Remark (1) signature > 0 if W < Bz — module
(2) signature < 0 if Hom(W,BJ;) =0

Example (i) V! signature 0 and height 0
(i) V1/Q, signature < 0 and height —1 < 0
(iii)
o U= (B{)?=P signature > 0 and height 1;
e U/Qpt signature 0 and height 0
e if x € U(C)\ Qpt then U/Qpx signature < 0 and height 0
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Proof of the main theorem

We will prove claim (3) of the lemma: X quasi-compact over K.
For all r,
ht(Hproee(Xcs Qp)) = dimk Har(X).

(i) Note that this is true for affinoids.
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Proof of the main theorem

We will prove claim (3) of the lemma: X quasi-compact over K.
For all r,

ht(Hiyote (X, Qp)) = dimic Hp(X).

(i) Note that this is true for affinoids.
(ii) We will show that it is true for a union of two affinoids (the
general case is similar). So, assume that Ui, U, are affinoids, let

U=U1UU,, Up=U;nU,.
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Proof of the main theorem

We will prove claim (3) of the lemma: X quasi-compact over K.
For all r,

At (Hiroet (X, Qp)) = dimic Hig(X).

(i) Note that this is true for affinoids.
(ii) We will show that it is true for a union of two affinoids (the
general case is similar). So, assume that Ui, U, are affinoids, let

U=U1UU,, Up=U;nU,.

Note that
ht(HK}) = dimk Hir(X)

= it suffices to show that

ht( groét,r) = ht(HK;)
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(iii) Consider the map
g H; — HK}

proét,r
and let us pretend that
ht : BC spaces — an abelian category

that is exact.
Show that
ht(g) : ht( ;;roét,r) - ht(HK:)
is an isomorphism.
It is clear what to do: Mayer-Vietoris yields the following map of

exact sequences

htly H(U1®Uz) = htl " (Ur2) — htg(U) — htZ (U1 Uz) — htg(Us2)

Zig llg lg Zlg Zig
htic (U1 Uz) = ht}; (Ur2) = ht{y (U) = hti (U@ Uz) = ht{y (Ur2)

Use five lemma.
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(iv) But ht does not have these properties so we consider a partial
Categorification of height
Consider h: BC — C(B4r — modules),

W +— HOI‘TI(V\V7 BdR)-

Facts:
(1) if W is effective then

rk(h(W)) = ht(W);
in general
rk(h(W)) = ht(W) + rk(Ext(W, B4r)).

(2) his an exact functor on effective BC's.
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(v) It suffices to show that everything in sight is effective:

e we know it for all the affinoids by the inductive hypothesis
e it is clear for HK](U)
e for H"

orost(Uc) we argue by induction on r using the fact

acyclicity of (H{'(X), Hix'(Xk)) = effectiveness of Hy.(Uc)

proét

= acyclicity of (H{jk(X), Hir(Xk))-



Thank you !
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