
GAGA - Type conjecture for theBrauer group via derived geometry
Joint with

Introduction/Motivation : Mauro PORTA

✗ g.C.g.s scheme
.

Brlx) : = H?et(X , Gm ) Brauer - Grothendieck
01 goop of ✗

H?etlX
, Chm) tors

Skolem- Noether⇒J
Braz (X)

A Azumeaya algebra : A c- Alg (QGWCX)) suck that
(1) it is a locally free Ox - Module of finite rank
(2) d-☒0×4-90 ~→ End (A) I



The ( local) Brauer - Mamin pairing : R complete DVR
K=FracCR)✗→X XIK smooth& pnoj.

I t Xyz regular, flat ( with geom . integral fibers)
K → 12

Brlx)
(BN) CHOCX)° ✗

Brlk) +Bring
→ 0¥

fflbx 44
(Tate) Alb

✗
(K) ✗ HICK ,Pie°(In→ 042

Compatible pairing ( Lichtenbaum 19-69, Kai 2015)
& Coker (Alby ) = ( Ker

*

I Coker (Pic(E)GI> NSCXTGK)
Provided that Xyz is SMOOTH & P-ixyz.is smooth . 2



The condition on PicXyz is difficult to achieve :
How does it appear ? This is related to the contribution ofBr (X)

In fact we have 3 players that we can attach to Xyz :
(1) Br (X ) = HZÉTLX, Gim)
(2) Brl 7£ → SpflR )) := HH hdniml-szRPCX-n.am)))

where Hn = X④RRfmn ,
E- whim 7th

(3) firm Broth)
Have a factorization

BrlN→BjgY¥nBrbtn
)

,



Grothendieck (BrauerWI) :

* Xlpu proper flat , ✗ regular , R Heuseeiam excellent DVR

* Assume lim? Pic (Xn ) = 0
Them (A) : Br (X) → linm Broth) is injective

Remarks : Trivial Azumaya
(1) ✗ regular ⇒ Braz(X) =Br (X) if algebraon

Kerl 3- d- C- Braz(X) → { d-n : = it ☒purfmh ~→ End (Eu)}
Then use link vanishing to lift {En}to É/× + T: d-I>EndCÉI

(2) When does Lim? Pic (Xn ) = 0 hold ?
For example if Pic (Xna)→Pid✗n) ⇐ IicXyz

smooth
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Question (BrauerIII.Rem . 3.4) :

Is the map (A) injective on Braztx) for every Xyz proper
with R Heuseliau local ?

How to study this problem ?

Step 1 . Milner sequence himBrtxn)
"

O → limit H4Xn , Gm) → Brtt)→ limH4Xn , Gim)→o
n- **it %,= limitPic ( Xn) Brl X) ***)V1

Braztx
What about (AA) ?

We claim that it is always injective .
( while (AAA) is NOT )

.
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step 2 :Derived Morita theory (after Téen)

Recall :( classical Morita theory ) R commutative ring , A.BE Algpu
def

* A- Fioritab ⇐> Moda I ModB

* Fume ( Moda ,ModB) I A°P,☒zB - Modules
* A is Azuruaya⇐> A is invertible up to Morita⇐>

3- A' : D-☒A'~ R
R Morita

Derived version : R commutative dog- algebra
Made = Stable co - Cat of B- Modules sthedpw =Perf(R)
Cat# = R - linear (small) is- Cat . ^,é e

E. E'c- Eat,z④
,
E ~ e

'

if toner) IFumleiteodp)
Morita

in Prt
④ • Localization of Gat,¥ R

= Presentable stable R- linearGatr
,
-Morita to Morita equivalences .

a-Categories . 6



Tha . (Taboada,Téeu,Robalo , Antieu - Gepner . ..)

Cat
,z

Pr; = Modred,z(Prt ) 2 Pilot
µ pu

= comp . gew . Pres.
R- linear

,
stable

ft T Not fully faithful f.f. A-Gat
.

Coetpidem
Iud

→ Pr4W

④ F-gw ← closed symm .
monoidal A-Gat

Gat
R,~Morita E

, e'£Pr↳w E☒e ' Represents bitxomoters
R '

Duality :
E ✗E'→Mode that commute withE c- prk , w

R compact objects and filtered

D(e) = Fun ( E, Med ,z)
⑥limits in both variables.

Rev
: E☒Dpfe) → Mod R A priori maps only in Pr'Re

Not in Prhiweoev : Moda → E ④Dpfe) R

( E E E①RDRLE)- Mod) + usual compatibility . 7



Def : EE Pr is proper if ev is inPr ( else,y) epttsey)

is smooth if Cdualizable in PLL 4) coev is im Pr¥

RMI : E smooth ⇒EI Moda for some A C- Alg#s( Modpr)
so : EE Pr denali2-able ⇐> E smooth & proper prhw
Azurmaya algebras ? g

R
☒

(1) BE Alge
,

( Modr) , get an object in eatp☒→Catr
, -Morita

( eat . with 1 object) [BY
(2) A E- Alg# ,

(Mod
R) is Azunuaya ⇐ [A) is invertible

⇐> (a) A cptgeu for ModR
DEF (b) A Aop =, End (A) 9. IsoTha (Téen) :

e. c-PREY invertible (⇒ E±µedA with A Azowoyeg



The motion globalizes in a nontrivial way :

consider Qeohtat : Aftp.t → cAlg(Éat•☒ )
spedA) ↳ Pita = Mod MedalPrt )

and the subfunctors QcohF- (spec(A) l→Pr¥GEPÑA
Qedhaatw ( spedA) ↳ Pr"¥ )

Th_m . Qcohcat , QGhYgt satisfy étale descent ( Lurie)
Qcohaawt satisfies Zariski descent

cat

✗ c- dstklpu , get comparison functor tf : Qeoh (X) → Meal (PRL)
Qcohlx)

DIF . ✗ is 1- affine if Px is an equivalence
Tha . (Gaitsgory ) ✗ qcqs derived scheme is 1-alfime .
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In fact , more istrue :

If ✗ qcqs derived scheme , we have
another functor

175 : Qeohiawtcx) → Mod
aeon*

(PHY) =: Nex

Rep. .
(1) Tfw is an equivalence

CB
.

-1?) (2) EE NC✗ is dualizable if 7 Affine Zariski open cover
Qcohcui) c- prhiw{ Ui = SpecCai )}; such that E④acdk✗) Ai

is smooth & proper
(3) E E NC ✗ is invertible if 7 Affine Zariski open cover

Qcohloi) e-Prliw{ Ui = SpecCai )}; such that E☒④coh(×, Ai

is Morita

eoeeeiueleeett@aoleniuedAtoueayaelg.y,



Moreover : E e Ne×sm&P•P⇐> ee Hada (Qcoh( X))
d- sheaf of perfect Ox -Mod .

TIM (B:P. ) (R ,M) Noetherian complete load ring
☒ proper derived scheme/R .

Them the symmetric monoidal functor

v. : Nes×m&P•P→ lim Ncsm ✗ PNP (pig✗in bleed@could
is fully faithful Et den} u

Equivalently , HE c- NC×sm&Ph , EI> line En in NC×

Tool for the proof : EWE Moda (Perfcx))
Formal GAGA for perfect epx . 11



Applications to the (derived)Brauer group :

olAzcatcx) : = A - eat of derived Atomayca alg . on ✗

C- Pr = NC ✗
( full sub . spanned by )
A-Mod for d- Acetumaye

Th_m (Tieu) : X qcqs derived scheme

* olAzcat (X) I NC
in✓

⇐ µe×sm&prop✗

* DAZ = KCGm
,
21 ✗ KLZ, 17 as derived stacks

* dBr(✗) = itoldAz(✗1) = HZCX, firm) ✗ H' CX , 2)
+
globally defined Azuueaya algebras/✗

d-2



Formal imjectivity :

✗ derived scheme , proper/Speck) , R Noetherian, complete, local.

A- edim ✗④
☐
Plant

dBr (X) → dBr(A) to ( Maptk , dAz))→ linm H4Xn , Gm)
Milnor sequence : dAz(A) = lim DAZ ( In)

0 → limit#ddAz(An)) → dBr(E)→ linn dBr ( Xn) -20
-

=⇒Pi Eon : I NC×sm&M°Pg1iyµ%f"
+

• = lim'H°(✗ n,z> HoldAHH) (passing to inv . obj .)
Rank:(1) The map is NOT Surj . in general .

( enough to take XIR dim 1 with ✗ regular
✗1 Nodal curve)(2) R Heuseliaee g. excellent also ok . 13



(3) if dim# E-1
, we get H2(X ,Gm) linn 1-14 Xn , Chm)

This is even stronger than what conjectured by Grothendieck !

/But this fails in dim 7,21. Cfr Brauer III. 3.4- (a) .

Formal GAGA for twisted sheaves :

we can recover the formal iujectiuity from another point of view :

oh C- HHX.am) ←> A- ÉX Gim - gerbe Hoadly ✗✗BIGm)

1- I1.
6 c- 1-14# ,Gm) {An Xn}

,
fiAF→BÑ→BGm

Global trivialization ⇐ Pic(A)→ lnim PicCAN)
Rank: it/× is a relative Artin stack, but NOT proper !
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Tha CB:P.) it: d- →✗ Gm - gertie , ✗→s proper derived scheme

5- SpecCR) , 12 complete, Noetherian, local .

* APerf(A) # linn Aperflctn)
* Perf (A) ⇒ linn Peerflctn)

Pref : Qceh(A) E
ITQCehx.CA)
✗

(derived version of a result of Liebliuw) .
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