
 

Initial definitions here bean o cat

e e ispointed if it admitsa zero
object

d

o e Into functor between two D cat is reduced if it preserves zeros

o FunCe DI C Fun e D fallsaboutSpannedby reducedfunctors

e isstable if pointed admitspushoutsand pullbacksandthesearethesame

Suchsquaresarecalledexact

o e Is D finitebatmen stables is exact it itpreservespushouts pullbe
is preservesfinitelimits

c D pretend finitecolimits

CED stable subcategory it eisclosedunderfinitecoollimits ni exact

Funete
DI cFante D fullsubout spannedbyexact factors

L N stable is thisstableand Fane Fun arestable subcats

cat non full subcut of cat spunndbe stable a cateantexactfactors

C to D l incisive if sends pullbackto pushout soinstable preservesetat

B Fun etc Funcenter Sp fullsubout Spannedby bireduce fact1
F

Bl x y to if Xory to
Fauble Cfml ene sp fullsubcat spannedbybilinear functors exactinbothraids

Funke CFunCe Sp fallsubcoli spannedbyquadraticfactors real12 excisi

Fans e Funcel a catatCzequivobjects inFumble outflipaction
sumnbilinen functorsone
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Example

e sunn monoidal stable o int then face wehave abilinan functor

BaCxn home x y a

E s take Mode for Earing spectrum Oy andhowC al
all preserve cofiber sequences



Def EG FunCemSpl Let B 9c o j'd bethe crosseffectofE

f x x 2x crossterms
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Call E quadratic if it is additionally 2 excisive us aftbx'll

Remark Thecresseffectrefinesto Faile In Faile
BeeFans e symmetricbilinearpartof E



Harvard Thursday
L theory and GW for Poincare a categories

Onegoal of the papers we are reading

compute GW Gc groups in a range

why care GW has a natural occurrence inSHCsl
there is an exact sequence

K qu s L
F talg
Ktheory L theory

hasbeenwould
computedloveto

compute

There is many more but I'll takethose two



The Plan Briefly remindof Poincare o cat notions

See how the classical study of Simm bit forms
is a precedent

play aroundwith symm bit formsover rings
ColetWert amor computeexamples

use t tomotivatedefof L theory and hw of Poincare o ots

Show istwitness of the sea K hw SL

Remember
Notation

notation comment

definition

exampleDef Apair e It is called a hermitian cocat mentalguideline
Iman quadratic property
stable hermition

structureone summaryresult

thermitian functor c e e nce't't is anexact functor and anattrust
I is f q g ofor no denote fir

IIFCHI I x
Remark Wehavea nutequiv fx f Bg t Bye nos ydet nuttarif

Be D CfxElBgl Pex it b P'CAN fall

Det ell hermitian iscalled Poincare if By isperfect i.e
nondegenerate n Baix 1 B C y arerepresentable

getfunctor e'd Dg e sit BeC yl homel it



I Symm no BCxatehome xDul

themeDoraly
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Det thermition fam y is Poincaré if a i1 fgSTEIN ROBYN

X I X viachosen
pairing

Example e D n perfectcomplexes boldchairs f g pros

Br Xy homp Art RI is a Symm

bilinear
o perfect Dp Y homelyRl

Einternalmapping
Poincaré structures complex

9h x B lx x1 I A Drainme

Symm formson R quadraticformson R

Thisis aderivedversionof theclassicalstudyofbilinearforms



bilinear forms
classicalstory for
motivation examples

R comm ring Bp x y Hound tort R

IE x1 Brex x
c Modi

ygymn.by forms out

bilinear pairings Xxort In R sit Bex it
BluittAkif is aninnerproductspare if prsperfect

poincaréAmapof forms x toy is an Rmodulemapwhich object
respects the pairings p flat full p xx isometry

B perfect Poincaré n duality P X En X DX
x i i Pex l

Example I

X R no HompCRORR RI E R

ND tip bilinearform then B xu for somene R

Notation X B us

Clearly all forms aresymm Ris comm

Cas is inner product if we R
f



maps a Is us are elements af ER S.t

Hf X Key tay D tf u v andfiso as YER

RI represents innerproduct formson R

Example2

X R no Home tort Rl I MatanCR

CX B bit form b p is givenby a squarematrixD
and Bex y x'byNotation tip BS

X E symmetric as B is a symmetric

maps an Is an's onematricesA sot AtBA B
As

i f iso if Ae is invertible

Example 3

R M Any f g Symmetric formmodule X is bythespectraltheorem

is isomorphic to As with A diagonal eigenvaluesof Bx

Any x EIR o hasa squareroot Lu If Sand ta
na A E LID o ID i g ID



via the isom Diag edit and reordering vicepermutations

E y

C it it til
I Girl all in

it Colli title I

Example 2 shows we can definethe invariant determinant

detC Ms detente R x

for X f g free Can begeneralized

we alsodefine the rank dimension of an innerproductspace

as the rank of the underlyingmodule rank Kip rank X

Careful

dimeIXpill
rank Bs I rank B unless Bis invertible

always rank B dim B



Goal Organize thedataof inner product spaces into aring
the wilt ring wCR

Witt realized a long time ago that there is aringstructure floating
around here somewhere Itwill have yo is as its ringstructure

X y forms

X Y X Y B By orthogonalsum

X Y KORY Bx By tensor product

This turns innerproduct spaces into a semiring
Notwhatwilt hadinmind

IDEA I Talk the Grothendieckgroup

Pu R Set ofisom classesof innerproductspacesonR

hit ecugroup

wilt ring
grothendieck

quirt 9

MIaib cc all if Imsit
This is naturally aring via

aib Cid Lactboladbe
ab bra



Remark it is multiplicative wir t rank

rank XY rankXlrankly

is additive rank

rank x04 rankly rankly

D rank descends to a surjective ringmap

GWLRIIos2LiildetCA
Bl detA.detB

is pointedmonoid map

GwCRI 101 Its crypt x l
Laib i is detcalidet b

Example we saw that for R IR we have for Xinnerproduct
OB withXI Libi EID i

i L i
iposanda ii L
negative

no Gwar gen.by is aus is eigenvalues

Remember detC l lands in R x I Cz

dot a is is I I det o

n c is f n is fuezzno
is andL is

lin indepover7L

rank aus rank as I I



Sowe have iso 7202 In Gwar and oneturns thisintoa

ring iso till i s ai

O 11 I D L l

ND GW IRI I 7L Cz

1

Thedot of hwCRI we justgavemightwork in the non derivedsetting

but we will provide adifferent one which will make Gw fall into the
mentioned exact sequence Kyaw L

weneed to define acoupleof things before we canmake thathappen
Those things are bestmotivated via theclassical picture

Wilt didnot knowabout Grothendieck group
Instead henoticed

in prodspace satisfy cancelation

X Y E X Z D Y Z

acertainclassof forms metabolic form
a monoidideal in PRCRl C PuCRI

the quotient is aring



Metabolic forms are forms that exhibit asomewhat

unexpected behaviour

Det X a form x ye X orthogonal if x y 0

Givena submodule no x we set Nt ye X x y often
orthogonal complement

Asymmetricinner product space x is called metabolic orsplit if thereexists
asubmodule L c X sit L Lt Suchan L is called a Lagrangian

Notation o n n o his isotropic for ne N Crisisotropic

NN o n m o AnimeNl N is totally isotropic

Remark Nc x being Lagrangian is equivalent to

Lab XIX SL beingexact

Example Hi h 9 is metabolic with

A Lagrangian clips 181 C ll 8191 0
hyperbolicplane

More generally givena moduleM wedefine theassociated hyperbolicspace

by hem MOM with form hnccxiflilymll fhltg.CH

Lagrangian5 h now MV MOM



Givenan innerproduct space X we define X X Bx
The space XD X ismetabolic

Lagrangian X E to X

t every metabolic ishype I
tradfornicerings

R lFz Consider x 9 This is aninnerproduct

L L f is a Lagrangian

X is nothyperbolic i e XE h V1 forsome V

Since rankX 2 all candidatesmustberank t.no only oneleft

heart 19
A t

everyelement is.istropicisotropic

L
innerprossp

Now WCRI Pacrypper

wittringot R

modulometabolic

Defo Let le II be aPoincaré a cot aml 491 aPoincaréobject

Apair wthx y where y f'a of ragout is a nullhomotopy iscalled

an isotropicobject

I think way y g t restriction Bx wxw
o ie NN

Anisotropicobject is aLagrangian if the mallhtp of



win a Dx Dw givenbytheimageof y inRnB twirl homelwibw

exhibit t asexact Nus XIX s n exact

If I teal admitsa Lagrangian wecallit metabolic

Examples hyplel x Dx x or D x x x Dx sameas
clerically

Not every metabolic objectishyperbolic Sameas desically

e brutal let V IFE with M Y this is Poincaré

and we have the Lagrangian L It Lb V I hyp U

L i
Remember Pace It G S is the space of Poincaréobjects

To Pace It is naturally a comm monoid wit

x y x y x X a ta

t
q y olERE x x'l

s

TEKIN MARTIGNY
nocrossterms

Before we kill metabolics we organize them into
yetanotherspaceof Poincareobjects ofsome Poincarecategory



Det Ce Poincaré Mette It is the hermitianD cat

Fan is e

Ariel Emet with Emp Arcelor Arce It ArisplIsp

Y wish i is fibl ICH cull

metabolic is
exhibit anexactlypairlw ox.nl w x 4

tuna
misssolet'sbuildit

W Sx Dx Dw

Properties hernitienobjects are pairs Wtox a withnullhtpy
isotropicobjects ft toenter

Poincaréobjects istheabove butnow Lagrangian

Poincare functorDet pice t Palmette
t forget

Note that wehave a forgetful map Merce 9 It e.g
P

w DX I D X

no pice.at Puce91

Lagrangian

limade is metabolic

forget

Lemma 2.3.101 Cl Q Poincaré Then

to to Puce.gg cejj
kernel in comin monoids

is agroup



proof xox qt qt K x is a Lagrangian

x y x y Exactsameproof
asclosically

Def L theory e E Poincare

LuceQ coker it Piceqt stoPu e Een

WCR and Gw R

Those two are clearly related Wewillseehowafter someexamples

Example Let K K algebraicallyclosedandchock 2 One canshowthat

any inner productspace over k has an orthogonal bull's i.e

BS I Luis with nie K

Since any at k has a root ai I is

aw Ch Ean L x I

Note that any metabolic space haseven rank and his metabolic

D W R Is Lf forgeneralRI forceofalgclosed

Wca Ekg

Didnotneedfay

Onlyexistenceof

LoCDolRI homel in
squareroots

Kquadraticallyclosed



Example we showed earlier GW IR I LEG our proofalready

showed that Palin is gen by is and L i The only metabolic

forms possible now are isomorphic to n ki ta it

Notewhenwe proved went is a group we showed xiu Ex 97

na Li L i D WCIR I L

lil on 1

Example Leth bea perfect field and estickl the sphere spectrum

of the motivicstablehomotopycategory over k

Wehave

To 1 I GW K

Tain I 7 I w CK for us o

wehave spectra HI HI the and apullback square

Huw stew

f

which on

exhibit

t Wca

t Irk Erk
H2 HV2 KICK Is Knock 742

and wehave a co fiber sequence

thats HI n that Is agent hw.cat we

All witnesses of ka saw D L



All examples showed wert I
awehyperbolics

Inallexamples
hyperbolic
metabolics

Lemma Kuebusch
unfortunately

X innerproduct space with LagrangianL Then

AN Inca Ex

n x hell in Gwen
ND y 43 0 in GWR yperbolics forant

proof w.to.y X LOL with Bx 19h

Now

LHiiiii
XEN In 4140 X

Taking L Y ID Y till weget

43 947 17 47 h D 43 94

4 Cy nothyperbolic l



Remark Wehave Gwent GWCryme I WIR

Theprevious lemma says met hyp in GW

no wer I awerket Gwerthyp

The rightdefinition for thederivedsetting is imosing X hCG

as Leman suggests

Defo e e Poincaré o category

GWCLE To Pule911 with Xia hyplwl

forevery
Lagrangian W isX

Lemma this is a commutativegroup
inch

Prof
z z z exactin e is hyphal hype 1 hypet

E L 2 Dz hypal isLagrangian
andhyp L thyp21044plz

x y Ex 97 t hypfhx hypx1 t hyp x1 no
I
I

ex do x197 x g Ex y Chyna isexact
b c x is to X

is Laywyim
I



Remark Weneeded thedenial setting to have therelation herd Chan

L theory and hw

Wewant an exact sequence Kocele Gw e91 Cole91 so

wehave seen that the kernel of Gw 8,91 s Lole91 W

is classically given by hyperbolics This generalizes

Met I HYP
westudy the interplay between
metabolic andhyperbolics

Hyp just like met organizesinto a Poincorio cat

Det Hyp e et en Ehyp with Empcant home t

hyperbolic category

syumbit for

Properties Always Poincare Dmp ay ayy
Bhp l

houCxill

houlxi.PnHyptell Is ie g
encodeshyperbolic 4 141147 i s x

objectsand
to Dx tsx a Czaction kill i s Dy Don
is bij



We now have Poincaréfunctors Lagrangian

wherdgcotctY.tt

Hyp e Is Mette I Met e91 É Hyplel
W S x I 3 w Dcof w x1 14 I x x Dy

IIIlies onPn Fivelanunnin

Hyplel Is Merle I met left Maple
Xml 7 by Dy w x i s oof W X Dw

I arnott
fib ECN Ecu

vf egg genoa een guy ImimainÉ

t
I By oof w sx.nl
Is

layBhp Bhyp

Iannis
in

PncHip s ie s to Pn Hyp toil

hw relationson Pa Hyp metabolicobjecton Cahill
is apair 21 z z 32
sit Composite 21 32 02 isexact



Since hyp 21,2 2102 21 2 e ex P

in
rel

E Cz z

Back to our sequence

Asclassical Gw e91 ss hole'll
lis

awoleallmet

The Poincare factor HipCelts e
x op

induces KoselIkaw eg

and a pushout square incorn monoids
Cw ox I D X

byuniversalproperties
toPice Il EY it Pule

Clay I ItornCw 05
Kole IP awol991

rhet É w is webw
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n tobef I cokerchypt WE Awhyp
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trivialaction
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