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ABSTRACT. Given a compact Lie group G acting on a space X, the classical Atiyah-Segal
completion theorem identifies topological K-theory of the homotopy quotient X/G with an
explicit completion of G-equivariant topological K-theory of X. We prove an analog of this
result for algebraic K-theory over a field of characteristic 0. In our setting G is a reductive
group that acts on a derived algebraic space X with the assumption that all stabilizer groups
are nice (in the sense of Alper). Our main result identifies the value RIATK([X/G]) of
right Kan extension of the K-theory functor from schemes to stacks with the completion of
K-theory of the category Perf([X/G]) at the augmentation ideal of Ko(Rep(G)). The main
novelty of our results is that X is allowed to be singular or even derived. This generality is
achieved by employing and improving analogous versions of completion theorem for negative
cyclic homology (after Ben-Zvi-Nadler and Chen) and for homotopy K-theory (after van den
Bergh-Tabuada). We also show that in the singular setting the completion theorem does
not necessarily hold without the nice stabilizer assumption. We view our results as a part
of the general paradigm of extending the motivic filtration on algebraic K-theory of schemes
to algebraic K-theory of stacks.
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1. INTRODUCTION

The goal of this paper is to offer computational and structural results about the noncon-
nective algebraic K-theory of a large class of algebraic stacks over Q, i.e., those which are of
equicharacteristic zero. The meaning of the algebraic K-theory of a stack can be ambiguous.
On the one hand, after the work of [BGT13], we know that algebraic K-theory is a universal
functor

K: Catggff — Spt,
1
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enjoying the key property that it respects certain localization sequences. In particular, the
K-theory of a stack X can be defined as K(X) := K(Perf(X))!. This has the advantage that we
can sometimes describe K(X) in rather simple terms. For example, if X is the classifying stack
BG,,, over a field k then, identifying Perf(BG,,) with graded perfect complexes over k, yields:

(1.0.1) K(BG,) ~ @ K(k),

where each component K(k) corresponds to a single weight. However, for more general X, we
typically do not have such a good control of Perf(X), and it can be very hard to compute K(X)
explicitly.

On the other hand, we know that the algebraic K-theory of schemes enjoys a wealth of
structure, chief among which is the motivic filtration. This is captured succinctly by the functor
landing in filtered E-algebras in spectra:

Fily o K : (Schi*®)*? — CAlg(Fun(Z°?, Spt)).

mot

On sufficiently nice schemes the filtration Fil, K is complete; its associated graded is given by

the motivic cohomology Z(x)™°t[2x], which in general is much more accessible for computations.
It is thus natural to contemplate the following problem:

Question 1.0.2. Does the motivic filtration on K-theory of schemes extend to algebraic stacks?

We remark, however, that the value on algebraic stacks of any reasonably defined motivic
filtration on K-theory will typically not be complete. Moreover, we do need completeness of the
filtration to have many of the desired properties of Fil}; ,K, as the following examples hopefully
illustrate.

Example 1.0.3. The formula (1.0.1) can be written multiplicatively as:
K(BGn) ~K(k)[z*'] 2 =[0(1)] € Ko(BGn)

so that, in particular, we have that Ko(BG,,) = Z[zT!]. A motivic filtration on K-theory
will then induce a filtration on Ky whose graded pieces are displayed in the E..-page of the
corresponding Atiyah-Hirzebruch spectral sequence. One expects that any reasonable motivic
filtration on stacks to have the following property as in the schemes case [EM23, Lemma 5.10]:
the Euler class e(O(1)) := 1 —[0(1)] = 1 — x in K¢(BG,,) lifts to motivic filtration degree
> 1. Therefore if we want the motivic filtration on K(BG,,) be multiplicative and complete,
then it forces Ko(BG,,) ~ Z[z*!] to be (z — 1)-adically complete, which it is clearly not. Note
that (z — 1) C Ko(BG,,) is exactly the kernel of the pull-back map Ko(BG,,) — Ko(k) for the
covering Spec k — BG,,; this is a particular case of the so-called Atiyah-Segal ideal.

Example 1.0.4. This example is supposed to illustrate that some completion is necessary, if
we want to have a splitting of K(X)g into the product of Adams eigenspaces, i.e., a rational
motivic filtration. Recall that for (sufficiently nice) schemes the motivic filtration on rationalized
K-theory splits functorially [EM23, Appendix B]: namely,

(1.0.5) K(X)g =~ ®50K(X)¥ =~ @,50Q() (X)™[2]

where the j-th graded piece is canonically identified with the weight j Adams eigenspace.

Let again X = BG,,,. The ¢-th Adams operation 1, acts on Ko(X)g ~ Q[x,27!] by sending
[O(1)] to [0(1)®¢] = [0(£)]; in other words we have v(z) = x. If £ > 1, it is clear that the
only eigenvector of ¢y in Q[z, 27 !] are the scalars (on which the action is trivial); thus we see
that for K(BG,,)q there cannot be any splitting analogous to (1.0.5).

IThroughout this paper, by Perf(X) we mean the subcategory of Dqc(X) spanned by dualizable objects.
In contrast to the situation for quasi-compact quasi-separated schemes, subcategories of Dqc(X) spanned by
compact and, respectively, dualizable objects need not coincide. Furthermore, the co-category Dgc(X) is not
necessarily compactly generated [HNR19)].
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The function in 2 that would generate “K(BGm)(g )” should satisfy the equation f(z%) =
¢ - f(x) for all £; such a function is given by log(x7). Note that log(x’) makes perfect sense as
an element of the (z—1)-adic completion Q[z, xil]é\m_l) ~ Q[[z—1]] (but not before completion).

Moreover, log(2?) € (z — 1) C Q[[z — 1]] and it’s not hard to check that the map
[1Q-log(z)) = Qllz —1]], (a;);50— Y _ a; - log(a?)

j=0 Jj=0
is an isomorphism. This way we see that the splitting in (1.0.5) (in the form of direct product)
does generalize to BG,, if we are willing to replace K(BG,, ) by the Atiyah-Segal completion
K(BGm)(Awil).

In this paper, we propose a candidate for the motivic filtration on K(X). By construction?,
the completion of Fil%, ,K(X) is identified with the right Kan extension of K-theory from affine
schemes. The main point of the paper, however, is that if X = [X/G] this right Kan extension
can often be described intrinsically in terms of K(X) and the map K(BG) — K(X) induced by
the presentation of X as a quotient stack. More precisely, it is the completion of K(X) at the
Atiyah-Segal ideal I C Ko(BG) which, in the case of BG,, coincides with the ideal generated
by the Euler class of O(—1). In effect, we prove an analog of the Atiyah-Segal completion
theorem [AS69], in a quite general form, for algebraic K-theory and other related localizing

invariants.

1.1. Formulation of main results. Let k£ be a base commutative ring. We recall that a
finitely presented flat k-group scheme G is called nice [HR15, Definition 1.1] (resp. linearly
reductive [Alpl3, Definition 12.1]) if it sits in an extension

1-G"5G—-H-1,

where G is an algebraic torus and H is a finite, locally constant group scheme whose order is
invertible in k (resp. the functor of derived invariants is t-exact). The notion of a nice group
appears in the stacks literature where the notion of an ANS stack (see Definition 3.1.27) has
been isolated as a key condition that allows for many structural results that one would like to
use in practice. By definition, ANS stacks only have nice groups as stabilizers of points.

For a linearly reductive G we consider Ko(BG) which is naturally identified with the (al-
gebraic) representation ring of G whenever k is a field; we recall that the notion of linear
reductivity and reductivity agrees for G an algebraic group over a field k of characteristic zero.
Now further assume that k is a field of characteristic 0 and let G be a reductive group over
k. The Atiyah-Segal ideal, denoted by Ig, by definition is the kernel of the “rank” map
Ko(BG) — Ko(k) ~ Z (induced by the covering Speck — BG). Let X be a derived alge-
braic space over k and assume that we have an action of G on X; we have a natural map
X := [X/G] = BG inducing a K(BG)-module structure on K(X). Our main theorem identifies
the derived Ig-adic completion of K(BG) (in the sense of spectral algebraic geometry [Lurl8,
Chapter 7]) with the right Kan extension of K-theory from affine schemes in some generality.

Theorem 1.1.1. Fiz G a reductive group over a characteristic zero field k. Let X — BG
be a representable morphism of derived algebraic stacks, such that the morphism of classical
stacks X! — BG is of finite type. Assume further that X is ANS. Then we have a canonical
equivalence:

1.1.2 K(X)p, = lim K

(1.1.2) (Ot = Jim  K(R),

where the limit is taken across all morphisms from derived affine schemes to X.

One can also rephrase the statement above as follows: up to completion at the ideal I, the
K-theory of the stack X is in fact right Kan extended from derived affine schemes. We will call
this type of result “Atiyah-Segal (AS) completion theorem”.

2At least if the underlying classical stack X is of finite type.
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Let us now comment on what sort of algebraic stacks X are allowed by Theorem 1.1.1.

Remark 1.1.3. The condition that the morphism X — BG is representable implies that X
can be written as [X/G] where X is a derived algebraic space over k. The condition that X is
ANS? means that the stabilizers at all points are nice groups. Let us emphasize however that
the group G that appears in Theorem 1.1.1 need not be nice. We also can show that the result
is not necessarily true if we do not assume that X is ANS: see the remark just below.

Remark 1.1.4 (Counterexample to Atiyah-Segal completion). In Section 8.3, we show that
the AS completion theorem for K-theory is false in general. The counterexample we offer is
in the Q-stack BG, x SpecQle]/e?, viewed as a stack over BSLy via the identification BG,, ~
[A? \ {0}/SLg]. Our calculation is based on the Levy’s generalization [Lev22] of Dundas-
Goodwillie-McCarthy theorem to (—1)-connective rings which reduces it to an explicit analysis
of the negative cyclic homology HC™.

The right-hand-side of the isomorphism in Theorem 1.1.1 is the value of RIAfK, the right
Kan extension of the K-theory of derived affine schemes to stacks, on the stack X. This invariant
carries a natural filtration given by right Kan extension of the motivic filtration on schemes.
We define motivic filtration on K(X) via the pullback square:

Filr  K(X) —— RIAFFiL®

mot mot

(1.1.5) l l

K(X) —— RIATK(X).

K(X)

As explained in Example 1.0.3, the motivic filtration on K(X) will often not be complete. On the
other hand, at least if X! is of finite type, RIAFFilY . K(X) is complete, since it can be written as
a limit of K-theory of finite type affine schemes, where motivic filtration is complete. This forces
identification of the completion of K(X) with respect to motivic filtration and RIAFFil} | K(X).
In this terms, Theorem 1.1.1 can also be seen as a way to characterize this completion in a way

that is more intrinsic to X.

Corollary 1.1.6. Let X be as in Theorem 1.1.1, then the completion of K(X) with respect to
the motivic filtration in (1.1.5) is given by K(X)f, .

We view this statement as our main contribution towards understanding motivic filtrations
on K-theory beyond the case of schemes.

The main novelty of Theorem 1.1.1 is that it works generally without assuming any smooth-
ness hypotheses on X. In this situation algebraic K-theory is not A'-homotopy invariant, so
many standard tools can not be applied. As with other results concerning algebraic K-theory of
non-smooth schemes, we employ trace methods which are centered around the transformation
K — TC, from K-theory to topological cyclic homology. This map fits as the top part of
the following square:

K— TC

(1.1.7) l l

KH —— LcthC.

When restricted to quasicompact and quasiseparated schemes, this square is cartesian thanks
to results of Kerz-Strunk-Tamme [KST17] and Land-Tamme [LT19] (we also refer to [EM23,
Theorem 3.8] on how to deduce the general case from the noetherian case). The cartesian-ness
of this square encodes two key phenomena:

(1) that Weibel’s homotopy K-theory KH identifies with cdh-sheafified K-theory [KST17,

Theorem 6.3];
(2) that the fiber of the cyclotomic trace map is a cdh sheaf [LT19, Corollary 3.6].

3In our convention derived algebraic spaces have affine diagonal.
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t

In characteristic zero, TC(—) ~ HC~(—/Q), the invariant known as negative cyclic homol-
ogy. In this setting, these two ingredients are somewhat older; (1) was proved by Haesemeyer
in his thesis [Hae04] and (2) was proved by Cortiias [Cn98]. Our work includes an extension
of the square (1.1.7) to the case of ANS stacks, at least assuming resolution of singularities,
which allows to reduce Theorem 1.1.1 for K-theory to analogous results for its A'-invariant ap-
proximation (known as KH) and for Hochschild homology (and related theories, like HC™). In
the next two sections of the introduction we will discuss the relevant variants of Theorem 1.1.1:
namely, for KH and other Al-invariant localizing invariants (in Section 1.2), and for localizing
invariants born out of Hochshild homology (in Section 1.3). Let us emphasize that the methods
used in these two contexts are very different: the first relies crucially on equivariant resolution of
singularities and cdh-descent, while the second uses the geometry of corresponding loop stacks.

1.2. Completion theorems for A'-invariant localizing invariants. Theorem 1.1.1 fits into
the following general framework. Suppose that E is a localizing invariant and that we have a
morphism f: X — BG where X is a perfect stack; for the formulation of the statements, we
do not need to assume anything about f, while the perfect stack* assumption is simply to
let us make sense of E(X) in terms of perfect complexes over X. Given a k-linear localizing
invariant E, E(X) naturally promotes to a K(BG)-module, and we obtain a K(BG)-linear map
E(X) — RIAFE(X). It is not hard to see (Corollary 5.3.5) that the target here is always
Ig-complete, and thus we obtain an induced map

(1.2.1) E(X)f, — RUIE(X).

Given this setup, we say that the Atiyah-Segal (AS) completion theorem holds for E, G, X
if (1.2.1) is an equivalence. While there are no a priory reasons for this to always hold, we note
that there are interesting precedents to the veracity of this statement.

So far, most AS completion theorems in the literature have involved those E’s which are
also Al-invariant. In this paper, using equivariant resolution of singularities and cdh-descent,
we bootstrap the results of Tabuada-van den Bergh [TdB20] for quotient stacks of a smooth
projective variety with a torus action, and get the following general form of AS completion
theorem in the Al-invariant context.

Theorem 1.2.2. Fix G a reductive group over a characteristic zero field k and E a truncat-
ing localizing invariant which is also A'-invariant. Let X — BG be representable morphism.
Assume that X is ANS and X' — BG is finite type. Then we have an equivalence:

(1.2.3) E(X)f, = RMTE(X).

The conditions of being truncating and A'-invariant are allied. The former implies that
E satisfies cdh descent, as explained in [LT19]. On the other hand, for those E’s which are
Al-invariant and also left Kan extended from smooth Z-algebras Cisinski’s theorem in motivic
homotopy theory [Cis13] implies cdh descent for E. A combination of Al-invariance and cdh
descent is necessary to prove Theorem 1.2.2 in the stated generality. Previous incarnations
of such theorems were proved in the case X is a smooth projective scheme or, more generally,
smooth filtrable scheme (note that in these cases KH is equivalent to K). Note, however, that
in Theorem 1.2.2 we get rid of any of these assumptions.

Remark 1.2.4 (Remark on geometric classifying spaces). The formulation of previous itera-
tions of the Atiyah-Segal completion theorem (see, for example, [Kril8, TdB20]), rather uses
the geometric classifying space of Morel and Voevodsky [Mor, Section 4.2], which imitates the
classical Borel construction in algebraic topology. Such a construction was also used by Totaro
to define Chow groups of classifying stacks [Tot16]. As follows from [KR22, Theorem 3.6], in
the truncating Al-invariant setup this agrees with right Kan extension from affine schemes.

4Recall that an algebraic stack is called perfect if its derived category of quasi-coherent sheaves Dqc(X) is
compactly generated by perfect complexes: in other words, if Dgc(X) ~ Ind(Perf(X)). In characteristic 0 many
stacks are perfect®, in particular any quasi-compact ANS stack is.
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This model also happens to work in a very specific situation of BGL,, without A'-invariance
thanks to the work of Annala-Iwasa (see [AI22, Theorem 3.1] and [AHI23, Theorem 5.3]). But
in general such a model relies heavily on Al-invariance and plainly does not work in more
general settings. It is therefore crucial, in order to prove Theorem 8.2.1 in the generality of not
necessarily smooth stacks, that our completion theorems are formulated uniformly both in the
case of Al-invariant theories and Hochschild-type theories in terms of the right Kan extension
from derived affine schemes.

The idea that evaluating on a geometric classifying space is equivalent to just taking the
right Kan extension is an idea that has been around in the community already for some time.
The work of [KR21], which we rely on, has used this elegantly to provide an extension of the
motivic six functor formalism to certain suitable stacks.

1.3. Completion theorems for Hochschild homology and related theories. In an or-
thogonal direction, it remains to discuss AS completion theorem for the invariants built from
Hochschild homology. The starting point here is an observation due to Ben-Zvi—Francis—Nadler
[BZFN10] that for perfect stacks the Hochshild homology HH(X/Q) := HH(Perf(X)/Q) has
a geometric interpretation as the ring of functions on the loop stack LX, defined as the map-
ping Q-stack from S* to X (see our Section 7.2.1 for a short review). Out of HH(X/Q) together
with its natural S'-action, one can then also extract some other invariants: the negative cyclic
homology HC~(X/Q) (as homotopy S!-fixed points), as well as cyclic homology HC(X/Q) (as
homotopy S!-orbits) and periodic cyclic homology HP(X/Q) (as the Tate construction).

To prove the completion theorem for Hochschild homology, given X = [X/G] we wish to
compare the value of right Kan extension RfHH(X/Q) and the Atiyah-Segal completion
HH(C)C/(@)IAG It has been already observed in a slightly different form by Nadler-Ben-Zvi
[BZN12], and later Chen [Che20], that these two versions of Hochschild homology correspond
geometrically to completing £LX along two closed substacks. Namely,

(1) RIATHH(X/Q) is given by global functions on the derived completion L£X along the sub-
stack of constant loops X < LX. This was observed by Ben-Zvi-Nadler in [BZN12];
we revisit their results in Appendix A to make sure they remain true in the required
generality (see Remark 1.3.2).

(2) The other completion is given by the stack of unipotent loops

Maps(BG,, X) =: L4X — LX.

As discussed in [Che20] one can view £*X as the completion of LX at a closed substack
that picks up the unipotent elements in the stabilizer group of every point. The map
to £X is induced by the affinization map S' — BG,. As we discuss in Section 7.2.17,
one has a natural identification HH(X/Q)f,, ~ O(£*X).

This way, the completion theorem for HH reduces to showing that the map £*X — £X between
the two stacky completions is an isomorphism. A pleasant observation is that this is essentially
equivalent to stabilizers of all points of X being nice or, in other words, the stack X should be
ANS. This gives the following:

Theorem 1.3.1. Fix G a reductive group over a characteristic zero field k. Let X — BG be
representable morphism where X is derived algebraic stack, such that the morphism X' — BG
is of finite type. Assume further that X is ANS. Then we have canonical equivalences

A ~ .
HH(X/Q)f, = lim  HH(R)

1

HO™(Y/Q)f, S _ lim  HO™(R)
HP(Y/Q)f, = _ lim  HP(R)

lim HC(R).
Spec R—X

1

HC(X/Q)1,,
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In fact, while the case of HC™ formally follows from the case HH, the case of HP is a
particular case of our completion theorem for Al-localizing invariants (Theorem 1.2.2); both
then imply the statement for HC.

The work of Chen [Che20] was the first to consider both completions £*X and LX in a
systematic way. He proved a version of the Atiyah-Segal completion theorem for HP for stacks
over an algebraically closed field of characteristic zero ([Che20, Theorem B]), and Theorem 1.3.1
can be considered as a partial generalization of his result. Note that Chen’s theorem does not
require X to be ANS; however, this is due to Al-invariance of HP which eliminates the difference
between the two completions (since, morally, Al-invariance makes the unipotent cone of any
group “contractible”). In Remark 7.3.2 we show that the Atiyah-Segal completion theorem for
the other Hochschild-type invariants does not hold without the ANS assumption on X.

Let us also note that the actual definition of unipotent loops that we will consider in the
body of the paper is slightly more ad hoc than the one we used above. The relation between
the two is explained in Remark 7.2.27.

Remark 1.3.2 (A remark on derived completions and [BZN12]). One of the main results of
Ben-Zvi-Nadler in [BZN12] is the identification of £X and the completed shifted cotangent
bundle ’Tx[—l}; using descent for cotangent complex one can then show that the construction
X — L£X is left Kan extended from affine schemes. However, it is never specified in their work
what they mean by derived completion, and if one follows their proof the definition is not
completely clear, e.g. ﬁ‘x[—l] is understood as a colimit of n-th neighbourhoods colim,, T;"
of the zero section. In fact, as we discuss in Remark 7.1.27 this is not quite accurate: namely,
this formula will typically give a non-convergent stack (unless X is smooth), and thus can’t
agree with £ (given the latter is defined via some sort of de Rham stack). Nevertheless,
in Proposition 7.1.26 we show that the analogous convergent colimit does agree with other
versions of formal completion (which we review in Section 7.1), at least if H%(Ly) is locally
finitely generated (which is true if X is algebraic).

Another issue is deformation theory, to which the authors appeal in their proof. In a non
necessarily finite type situation, to have access to usual deformation theory tools, one needs to
use a slightly non-standard definition of de Rham stack (called the “absolute de Rham stack”
in [Lur18]) to define the formal completion. There is also a Simpson’s formal completion®, with
the corresponding de Rham stack given by X4qr(R) := X(mo(R)"), which is more convenient
to use in practice. Note that in our situation, if X an algebraic stack that is finite type over
a field k/Q, we are interested in HH(—/Q) and thus are forced to consider X as an algebraic
stack over QQ, where it typically will not be of finite type. In Section 7.1 we systematically
analyze the difference between these two versions of derived completion, showing that they
are the same if the map of underlying classical stacks is locally finitely presented. This then
applies in particular to completion at constant loops X — LX, when X is an algebraic stack.
More generally, we fully revisit the proof of Ben-Zvi-Nadler, making sure all steps work in the
required generality (this is in Appendix A).

We would like to warn the reader that these various forms of formal completion (at constant
loops and/or zero section) are only compatible if we take algebraic stacks in the sense that they
have a smooth representable cover by the union of derived affine schemes. For algebraic stacks
in the fpge sense, RATHH(X/Q) will be given by functions on yet another “neighborhood
completion”, details on which we might add in a sequel.

In the upcoming [RB], Brav and Rozenblyum also give another perspective on the Ben-Zvi—
Nadler theorem. Their argument is slightly different and generalizes the result in a different
direction, namely for laft prestacks admitting a deformation theory. In other words, their proof
significantly relaxes the geometricity condition on the stack, while remaining in a finite type
situation.

6The completion 13? along a map f: X — Y is then defined as the fiber product Y Xy, Xqr-
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1.4. Relation with previous and contemporaneous works. We briefly survey the history
of Atiyah-Segal completions in algebraic geometry as well as what is new in this paper in
both generality and philosophy; we apologize to the many authors in this very rich field in
advance for sins of omission. The subject began with Thomason’s construction of equivariant
K and G-theories [Tho87] where an equivariant version of Quillen’s basic results on K-theory
were proved. Perhaps inspired by Atiyah—Segal’s work [AS69], Thomason proved a completion
theorem for G-theory and K-theory in the smooth setting [Tho88] after K(1)-localization. The
usual dévissage of reducing from a general reductive group scheme, to a torus and eventually
to a diagonalizable group with trivial action was already explained in this work; we remark
that this approach heavily relies on Al-invariant properties to pass from a Borel subgroup to a
torus. The relationship between equivariant G-theory and algebraic cycles on stacks, a shadow
of the story about motivic filtrations, was first explored by Edidin-Graham [EG08, EGO00].
The viewpoint there is very natural: up to completion and rationalization the Chow groups of
algebraic stacks are discovered as the graded pieces of a split filtration on Gy.

With the advent of motivic homotopy theory and noncommutative motives, the completion
theorems take on a richer flavor. In particular, Morel-Voevodsky’s construction of their geo-
metric classifying space provides a target for the completed K-theory and other invariants. We
mention the work of [CJ23] which deals with G-theory and [TVdB18] which proves similarly
flavored theorems in the case of Deligne-Mumford stacks/orbifolds. Three papers which are
very influential for us are Tabuada—van den Bergh’s definitive account of the completion theo-
rem in the torus case for Al-invariant localizing invariants (which we use) [TdB20], Krishna’s
K-theoretic completion theorem in the smooth, projective setting for K-theory [Kril8] and
Chen’s work on equivariant hochschild homology [Che20]. These papers work with cohomolog-
ical invariants such K-theory and Hochschild homology, as opposed to earlier accounts which
deals with G-theory, and Borel-Moore type invariants. The complexion of the problem changes
entirely — there is a lack of Al-invariance (if the input stack is not smooth) and there is a lack
of localization-type results, both are standard approaches to the completion problem even in
topology.

The novelty of our result is that it is K-theoretic (as opposed to G-theoretic) and is, as far
as we know, the first to deal with stacks which are not smooth, reduced or even classical. This
accounts for some of limitations (such as ANS) of our results. The new idea that we use is trace
methods, combining an A'-invariant completion theorem with one for negative cyclic homology,
and relying on the first and last authors’ extension of the Goodwillie theorem in [ES21] to the
world of stacks. Like the work of Edidin-Graham we are also motivated by motives — one can
view our results as an integral and higher refinement of their results where Chow groups are
replaced by the (2n,n)-line of motivic cohomology in the sense of [EM23].

Lastly, around the same time as this work, Krishna and Nath [KN25] also independently
explored the completion theorem. We remark on the overlap and distinctions between their
work and ours:

(1) Given a non-smooth algebraic stack X, [KN25, Theorem 1.1] proves completion results
for the G-theory of X; the generality here asks that X is a quotient stack by a reductive
group. On the other hand, our Theorem 1.1.1 is K-theoretic and only works with
added hypotheses on the stabilizers of X. Indeed, the main foci of the two papers

somewhat differs — theirs follow, and in some sense complete, the tradition of G-
theoretic completion theorems, while our aim is to explore the less-chartered K-theoretic
territory.

(2) Our Theorem 1.2.2 subsumes [KN25, Theorem 1.6, Corollary 1.7] in characteristic zero
and our Theorem 1.3.1 subsumes [KN25, Corollary 1.11, Theorem 1.14] in that we do
not need conditions on the stabilizers, the smoothness of X or algebraic-closedness of
the base field. However, we mention the elegant [KN25, Lemma 13.6] which controls
the completion of the cyclic homology term which should be useful for other future
applications.
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(3) A very interesting aspect of [KN25] is that they also considered completions at other
ideals, we do not address this at all in this paper.

1.5. Outline. We begin the paper with Section 2. The point of this section is to illustrate via
examples one of the main perspectives that we take in this paper: that completion at the Atiyah-
Segal ideal restores certain descent properties that one should expect for various invariants in
the setting of algebraic stacks. In the preliminaries Section 3, we review the derived algebraic
geometry and the theory of localizing invariants that we will need in this paper. We work in
the generality of animated rings over Z, something more than necessary for the main results
of this paper (which is over Q) in view of the completion theorems in positive and mixed
characteristics that will constitute the sequel to this paper. In Section 4 we discuss descent
properties for cohomology theories of derived stacks. In particular, we introduce RYATE, the
right-hand-side of the Atiyah-Segal completion theorem and establish its basic properties.

In Section 5 we define the Atiyah-Segal ideal and formulate the completion theorem. A
useful result we will turn to repeatedly is the “change-of-groups” Lemma 5.3.2. This ensures
that even though we are working with stacks which are ANS, and hence its stabilizers are of
a fairly restrictive class, we are allowed to complete with respect to Ig where G is a reductive
group under the stack. Our first main theorem is established in Section 6 where we improve
on the Tabuada-Van den Bergh completion theorem using cdh excision. Section 7 proves the
completion theorem for Hochschild invariants — in particular for HH, HC™, HC and HP, which
is our second main theorem. Putting all of this together in Section 8, we prove the Atiyah-Segal
completion theorem for ANS stacks in characteristic zero. In Section 9, we discuss applications
of our main theorem to building coherent transfers (aka spectral Mackey functors) on completed
K-theory as well as propose a candidate for motivic cohomology of certain stacks.

The present paper constitutes three appendices. In Appendix A we revisit the Ben-Zvi—
Nadler’s geometric version of the HKR theorem for geometric stacks. It also contains certain
constructions in derived algebraic geometry that we could not locate in suitable generality in
the literature, including different versions of completions vector bundles and some cotangent
complex related descent results. In Appendix B we extend a result of Deshmukh, which builds
on work of Moret-Bailly, to derived stacks. It is a strong Nisnevich-local structural result for
covering of stacks that we will need to control RAfE. Lastly, in Appendix C we record a
(relatively straightforward) extension of the motivic filtration on schemes to derived algebraic
spaces.

1.6. Vista. This is the beginning of a series of papers on motivic filtrations on algebraic stacks,
centered around completion theorems in K-theory and its cousins. As already laid out in this
paper, our philosophy is that Atiyah-Segal completion theorems provide intrinsic descriptions
of completions of genuine invariants along an induced motivic filtration. In the sequel, we plan
to establish completion theorems for topological Hochschild and cyclic homology. While we
build on the results of Ben-Zvi—-Nadler in characteristic zero, the strategy in mixed and positive
characteristics is new and more involved.

Towards this end we are working on a project, joint with Annala, in using the machinery of
(derived) Theta-stratifications [HL20], coupled with the second author’s work on p-adic Hodge
theory [KP21] to “induct along the schematic locus” of a derived algebraic stack. We hope to
use this strategy to establish a completion theorem for a nice enough collection of algebraic
stacks in mixed and positive characteristics.

1.7. Acknowledgements. We thank Amalendu Krishna for discussions about his work on the
completion theorem, Jacob Lurie for explaining to us his version of derived completion and nu-
merous other useful conversations related to this paper, Charanya Ravi for helpful conversations
about the independence of the AS completion on the group and the affine bundle invariance,
Nick Rozenblyum for clarifying various aspects of the HKR filtration for stacks and explaining
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to us his own lucid perspsective on it, David Rydh for his usual steadfast guidance on all stack-
theoretic issues, and Matthew Morrow for conversations related to motivic filtrations beyond
schemes.

EE was supported by an Erik Ellentuck fellowship during his time at the Institute for Ad-
vanced Study (IAS). Somewhat ironically, some of this work was done during the special se-
mester on “p-adic geometry”; we apologize to (but also thank) the organizers, Jacob Lurie and
Bhargav Bhatt that the work produced is in characteristic zero (for now). We thank Vita the
cat for constant distractions and entertainment while EE and DK were writing this paper at the
TAS. DK is grateful to IAS and IHES for the great working conditions and a fruitful academic
environment during the time this project was carried out. VS acknowledges support from the
grant SFB 1085: ”Higher Invariants.”

2. EXAMPLES AND PHENOMENOLOGY

We begin with an informal explanation of some examples of the phenomena that this paper
aims to capture. To simplify matters all schemes and stacks in this section are classical. Let
E: Catggrf — Spt be a localizing invariant; we review this concept in more detail in Section 3.2.
The value of E on a qcgs scheme X is defined to be E(X) := E(Perf(X)) and the functor
X — E(X) enjoys some reasonable descent properties. At the very least, it satisfies Nisnevich
descent, as already is implicit in the work of Thomason-Trobaugh [TT90] (see, for example,
[CMNNZ20, Proposition A.15]). Often, one can actually do better: the functors constructed out
of trace considerations like THH, HH(—/k), TC and their cousins in fact satisfy flat descent
[BMS19, Corollary 3.4], and so do telescopically-localized invariants [CMNN20, Theorem 5.1].

We point out two further features of the functor X +— E(X). First, by the definition of
a localizing invariant, E(X) is amenable to calculations from derived-categorical techniques.
The point is that any localizing invariant splits semiorthogonal decomposition; for example
Beilinson’s decomposition of Perf(P%) [Bei78]

Perf(P%) ~ (0,0(1),--- ,0(n)),

leads to the projective bundle formula: E(P%) ~ @, E(X). Second, the functoriality of the
assignment X — Perf(X) endows E(X) with additional structure. For example, if f: X =Y
is a morphism then the pullback functor f* : Perf(Y) — Perf(X) admits a right adjoint f.
whenever f is proper and has finite tor-amplitude [Stacks, Tag 0B6G]. This endows the functor
X — E(X) with the structure of transfers (more precisely, it organizes into a spectral Mackey
functor as in [Barl7]), which are often useful for computations and are central to proving descent
for rationalized/telescopically-localized localizing invariants, as was done in [CMNN20]. Under
these considerations it is reasonable, for X an algebraic stack, to set E(X) := E(Perf(X)). Just
as in the case of schemes, such a functor splits semiorthogonal decomposition of stacks and
admits transfers along proper morphisms of stacks that have finite tor-amplitude.

However, this definition has a major drawback, related to descent. We illustrate this in
the next two examples. For simplicity, we work with localizing invariants linear over a field
k of characteristic zero and consider the case of E = HH(—/k), Hochschild homology. To
formulate descent, we will also use the language of E(-universal) descent which we review in
Definition 4.1.1.

Example 2.0.1 (Etale coverings of Deligne-Mumford stacks are not of HH(—/k)-descent.).
The morphism Spec k — By, is an étale covering (recall the characteristic zero hypothesis). If
Spec k — B, were of HH-descent, then we would have equivalences

(2.0.2) HHBp,/k) = lim HH(p™/k) ~ lim O(u; ™) =~ O(Bun).
[m]eA [nleA

Via Cartier duality, the category Perf(Bu,,) is canonically equivalent to Z/n-graded objects in
Perf(k), in particular

Perf(Bpu, ) ~ Perf(k)®2/™
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as small stable oo-categories. Therefore, we get that HH(Bpu,,/k) ~ k[Z/n]. On the other hand,
OBun) ~ k # k[Z/n].

Example 2.0.3 (Nisnevich surjections of Artin stacks are not of HH(—/k)-descent.). Since
any line bundle is Zariski-locally trivial, the standard covering map Spec k — BG,, is a Zariski,
and, in particular, Nisnevich surjection. If the morphism Speck — BG,, were of HH-descent,
then we would have an equivalence:

(2.0.4) HH(BG,, /k) ~ [l%mA HH(GX" k).
n|e

The HKR isomorphism furnishes an equivalence HH(G," /k) ~ RI(G™: [, Symi(LGmn, [1])).
By descent for cotangent complex (see Proposition A.2.1) we then conclude that

: xn ~ i

[ %IenA HH(GX"/k) ~ 1}) RI'(BG,y,, H Sym’ (Lgg,, [1])) -
Now, the cotangent complex of a classifying stack BG is identified as Lpg =~ g¥[—1] (see, for
example, [KP21, Example A.3.8]) where g is the Lie algebra of G. Therefore, the right-hand-side
simplifies to [[; RT(BG,,, []; Sym*(Ogpg,,)) ~ [[; k. On the other hand, since HH(—/k) is a
finitary localizing invariant and Perf(BG,,) ~ @;czPerf(k), we have that HH(BG,,/k) ~ @, k.
We see that they cannot be the same.

Examples 2.0.1 and 2.0.3 suggest an alternative extension of HH(—/k) to algebraic stacks,
one which enjoys better descent properties and ensures that (2.0.2) and (2.0.4) holds. Consider
E as a functor on affine schemes and for an algebraic stack X, we set

RME(X) := lim _E(SpecR).
( ) Speclgl—)x ( pec )
This procedure is nothing but a right Kan extension and will be discussed more extensively
in Section 4.2. As explained Lemma 4.2.1, RAE inherits descent properties that E has in
the following sense: if E is an 7-sheaf on affine schemes, then any 7-surjection of stacks is of
universal RATE-descent. For example if E = HH(—/k), then

RATHH(Bpup /k) ~ O(Bpn) ~ k- RATHH(BG,, /k) ~ [[RT(BG, [ [ Sym'(0ge,,)) ~ [ *-

Additionally, as already explained in the introduction, RA¥E inherits filtrations that E has on
affine schemes. Of particular interest, RATK of a stack comes readily equipped with motivic
filtrations.

The drawback of this extension is that it is not clear at all that RATE splits semiorthogonal
decompositions and admits coherent transfers. The Atiyah-Segal completion theorem can be
read as the rather surprising assertion that, in fact, R*®E does. Theorem 1.1.1 presents an
alternative formula RATE(X), in certain cases, which does not require the data of all affine
schemes mapping into X. This alternate formula instead asks for the data of a K(BG)-module
structure on E(Perf(X)). We illustrate this theorem in light of Examples 2.0.1 and 2.0.3.

Example 2.0.5 (The Atiyah-Segal completion for HH(—/k)). We compute RAHH(—/k) of
BG,, and Bpu, via the Atiyah-Segal completion theorem. Both computations could be per-
formed easily via descent and, in fact, already implicitly carried out in Examples 2.0.1 and 2.0.3.
We hope that their computation via the completion theorem would be illustrative for the reader.

Using the lax-monoidal structure on HH, the above computations of HH(BG,,/k) and
HH(B,,/k) enhance to equivalences of derived commutative rings:

HH(BG,,/k) ~ k[Z]) ~ k[t,t ']  HH(Bu,/k) ~ k[Z/n] ~ k[t]/(t" — 1)

(both rings being concentrated in cohomological degree 0). The Atiyah-Segal ideal in HH in
both cases is generated by the element ¢ — 1; we refer to Example 5.2.4 and Proposition 7.2.26
for details.
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The (t — 1)-adic completion of k[t]/(t"™ — 1) picks out the component k[t]/(t — 1) = k via the
isomorphism k[t]/(t" — 1) = k[t]/(t — 1) x k[t]/(#"" ! +¢"72 + ... 4+ 1), and therefore, by the
Atiyah-Segal completion theorem, we have that:

RATHH(Bu,,) = (k{t]/(" — 1))_y) = klt]/ (¢ — 1) = k.

For BG,,, the (¢t — 1)-adic completion k[t,t‘l]afl) is simply given by power series in ¢t — 1,
and thus we get
RAMTHH(BG ) ~ kt, 71, _yy =~ k[[t — 1]].

Example 2.0.6 (Rational K-theory of stacks). Another interesting invariant which enjoys étale
descent for schemes is rationalized algebraic K-theory. As already pointed out in [CMNN20,
Remark A.16], it does note enjoy descent along the simplest étale covering of stacks Spec C —
BCs. Our main results also apply to establish étale descent for Atiyah-Segal completed rational
algebraic K-theory.

Example 2.0.7 (Right Kan extended K-theory). In the HH situations, the right Kan extended
theories are easily computed because HH enjoys étale descent on schemes. For K-theory, which
infamously does not, the right Kan extended theories more easily computed via the Atiyah-
Segal completion and semiorthogonal decompositions of categories. For example, from our
main theorem we easily read off:

RAK(BG,,) = (K(R)[t, t~ ")) ~ K(®)[[t - 1]].

3. PRELIMINARIES

3.1. Generalities on prestacks and stacks. In this section we make a review of notions of
derived algebraic geometry that we will use. We also set up notations and conventions for the
paper which, to warn the reader, might differ slightly from the standard ones.

While most of the results of this paper concern derived algebraic stacks over characteristic
zero fields, we still aim to set up notations and foundations for future use (particularly the
sequel where will investigate the Atiyah-Segal completion theorems in positive and mixed char-
acteristics). The paper also contains some general results that don’t require characteristic 0
assumption (like the motivic filtration on K-theory of derived algebraic spaces in Appendix C).
Therefore, we will set up everything in the context of Z-linear derived algebraic geometry.

We sometimes refer to [GR17a, GR17b] which assumes that the base is a field of characteristic
zero throughout, however, for the results that we cite it is never important.

3.1.1. Derived prestacks. Let CAlg® denote the 1-category of classical commutative rings. Let
CAlg®® := Ani(CAlg®) denote the co-category of animated commutative rings, given by “anima-
tion” of CAlg®. Recall that by definition this is the co-category of product preserving functors
from polynomial Z-algebras, PShy;(Poly,) ~ CAlg®*. Given an animated ring R we denote by
CAlgy" the under category (CAlg™)r,. In case R is classical, we have CAlgy := Ani(CAlgg).
If R is a Q-algebra, then CAlg®" is naturally identified with the category CAlg(D(R)>0) of
E.o-algebras in connective R-modules.

Definition 3.1.2. We say that A € CAlg®" is
(1) n-truncated if m;(A) =0 for i > n;
(2) truncated if it is n-truncated for some n > 0.
We denote by
CAlgan,[O,oo) C CAlgan

the full subcategory spanned by truncated animated commutative rings.

Definition 3.1.3. Let R € CAlg®". Recall the following notions:

(1) A derived prestack over R is a functor X: CAlg®* — Spc; we denote by dPStkg the
oo-category of derived prestacks over R.
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(2) A prestack X is called convergent if
X(A) = lirrln X(1<nA)
for any A € CAlgy.
We will denote the full subcategory spanned by convergent derived prestacks by
dPStkp™ C dPStkg.

Example 3.1.4. We denote by Spec A the prestack represented by an animated algebra A €
CAlgy". We call such prestacks derived affine schemes and denote by dAffr C dPStkg the
corresponding full subcategory. By Yoneda’s lemma dAffr ~ (CAlgd™)°P.

Example 3.1.5. Let S € Spc be a space. A functor S sending any A € CAlgy" to S € Spc is
the constant prestack associated to S. Functor S — S commutes with all limits and colimits.
In particular, we have * ~ SpecR is the final object and

S ~ colsim(Spec R),
where the diagram in the colimit is constant with value SpecR.
Remark 3.1.6. Restricting to CAlg?™[%>) ¢ CAlg®® induces an equivalence
dPStkR™ ~ Fun(CAlgaRn’[O’oo), Spe)
with the inverse functor given by right Kan extension. The embedding
dPStkg™ — dPStkg

commutes with limits, but typically not colimits. For example, given an animated algebra
A € CAlgly® which is not necessarily truncated we have

Spec A ~ co}Lim Spec T<nA
in dPStk™", but typically not in dPStkg since the identity map A — A doesn’t need to factor
through any of the truncations ¢, A.
Example 3.1.7. Any affine derived scheme X := Spec A or a constant prestack S is convergent.
Sometimes, we will also need to consider classical prestacks.

Definition 3.1.8. Let R be a classical ring. A classical prestack over R is a functor
X: CAlgd — Spc. We denote by PStkg the category of classical prestacks over R.

Let R € CAlgy*. The fully faithful embedding CAlgfrlo(R) C CAlg® defines a restriction
functor
dPStkg — PStkyor), X~ XL

We will call X! the underlying classical stack of X. We also have the left Kan extension along
the above inclusion, which gives a functor

L PStk,,r) — dPStkg
in the other direction.
Definition 3.1.9. The classical truncation 7°(X) of X is defined as
79 (X) = L (X,
By adjunction, we have a natural map 7<(X) — X.

Example 3.1.10. If X = Spec A is affine, then 7¢/(X) = Specmo(A). The map 7°(X) — X is
induced by the natural map A — mo(A).
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3.1.11. Quasi-coherent sheaves. Given a derived prestack X € dPStkr one defines the oo-
category Dg.(X) of quasi-coherent sheaves on X via right Kan extension from derived affine
schemes; explicitly this is given as

Dye(X) := 1 D(A

qc( ) SpecHAn—>3C ( )

where D(A) is the unbounded derived oco-category of A-modules. This is a stable, presentable
oo-category equipped with a symmetric monoidal structure coming from the limit of symmetric
monoidal structures on D(A). By construction, if X = Spec A one has Dq(X) ~ D(A). A map
of prestacks f: X — Y induces the pull-back functor

f*: Dge(Y) = Dge(X).
The functor f* commutes with colimits and thus has a right adjoint which we denote by
f: Dge(X) = Dec(¥):

In the case of the final object Y = SpecR in dPStkg and the projection p: X — SpecR the
pushforward p, is identified with the global sections functor

(X, —): Dge(X) = D(R).

Example 3.1.12. The association (Spec A — X) — A € D(A) defines an object Ox € Dy (X)
which is called the structure sheaf. We will often denote I'(X, Ox) as O(X). It can be explicitly
computed as
I(X,0x) ~ lim A.
Spec A—X

An object T € Dgo(X) is called a perfect complex if it is dualizable in the sense of the
symmetric monoidal structure. We denote by Perf(X) C Dy(X) the full subcategory spanned
by perfect sheaves. We also have

Perf(X) ~ lim Perf(A);
Spec A—X

see, for example, the discussion at the beginning of [HLP23, Appendix A]. If X: dAffR” — Spc is
an accessible functor, then Perf(X) is a small co-category (see, for example, [HP24, Proposition
A.2]). In practice, we will only consider the category Perf(X) when X is accessible.

Example 3.1.13. Since A € Perf(A) for any A we get that the structure sheaf Oy € Dy (X)
is a perfect sheaf on X.

3.1.14. Stacks. By a derived stack over R we mean a prestack which is a sheaf in the étale
topology” on CAlga® (as in [TV08, Definition 2.2.2.12] or similar to [GR17a, Chapter 2]). We
denote by dStkg C dPStkg the full subcategory spanned by derived stacks. The fully faithful
embedding dStkg — dPStkg has a left adjoint

Lgi : dPStkg — dStkg

given by étale sheafification. The functors Dy, Perf, O are right Kan extensions of functors
on derived affine schemes that are sheaves in étale topology. As such, they factor through Lg:
given a prestack X, the map

F(LetX) — F(X)
(induced by canonical map X — LgX) is an equivalence for F being any of the functors above.

Remark 3.1.15 (7-Surjections). While our notion of derived stacks only require the étale
topology to define, we will have occasion to use other Grothendieck topologies in this paper
such as the Nisnevich and the cdh topologies. Given an oo-category € with pullbacks and a
Grothendieck topology 7 on C, we will say that a morphism of presheaves on spaces G, f : X — Y
is a T-surjection (also called 7-effective epimorphisms in the literature) if the induced map

"We remark that this is different from the convention in some sources where a stack is supposed to be a sheaf
in the flat topology; see, for example, [Stacks, Tag 026N].
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75 (X) = 75 (Y) is a surjection of T-sheaves of sets; by 7nj we mean the T-sheafification of the
functor that sends U — 7o (X(U)).

We will reserve the word surjection for an étale-effective epimorphism (=étale surjection)
and we will reserve the notation m(X): CAlgl" — Set for the étale sheafification of the functor
which sends R to mo(X(R)).

3.1.16. Algebraic and geometric stacks. Let R be an animated ring. We now carefully state
our conventions on algebraicity of stacks; we follow quite closely [GR17a, Chap. 2, Sec. 4],
except we will also make systematic use of derived algebraic spaces which are omitted in the
reference. For a Grothendieck topology 7 on dAffg, we will denote by dStky, C dPStkg the full
subcategory spanned by 7-sheaves. We will also make use of the sheafification functor

L,: dPStkg — dStkF,

whenever the latter exists, in particular for the Nisnevich and étale topologies which feature
prominently in this paper.

If P is a property of a map of (derived) affine schemes, then we say that a morphism of
(derived) prestacks X — Y is affine and is P if for any map SpecA — Y, the pullback
Spec A xy X — SpecA is affine and is P. Here P could be empty, in which case we get a
definition of affine map of derived prestacks.

The derived stacks we consider this paper typically are examples of n-Artin stacks (defined
as in [GR17a, Chap. 2, Sec. 4] or [TV08, Sec 1.3.3] for the original reference). We will not
recall the general definition of n-Artin stack, since all the important examples in the paper
are at most 2-Artin. Instead, below we make a short glossary for different types of “algebraic”
stacks that the reader will meet in the paper. We warn that our terminological conventions
might diverge slightly from those in some other sources.

Definition 3.1.17. We fix the following terminology throughout the paper:

(1) A stack X over R is called derived 0-Artin if it is isomorphic to L¢; (U;e1U;) where U;
are derived affine R-schemes®. A map of prestacks X — Y is called O-representable if
for any map Spec A — Y the base change Spec A xy X — Spec A is a derived 0-Artin
stack.

(2) A stack X is called a derived R-scheme if it is obtained as a quotient

X1 = Xo

by a correspondence where X; are derived 0-Artin and the maps are Zariski open em-
beddings. We denote by dSchgr the oo-category of derived R-schemes; in particular
derived R-schemes are derived 0-Artin.

(3) A stack X over R is called a derived algebraic space if the diagonal Ax: X — X x X
is affine, there is an étale O-representable cover U —» X where U is 0-Artin, and X¢
is a classical algebraic space” over my(R). We denote by dAlgSpcy the oco-category of
derived algebraic spaces over R.

(4) We will say that a morphism of derived prestacks f: X — Y is representable if it is
represantable in derived algebraic spaces: namely, for any point Spec A — Y the fiber
Spec A Xy X — SpecA is a derived algebraic space over A. If P is a property of a
morphism of derived algebraic spaces, then we say that a map of prestacks f: X — Y
is P if it is representable and Spec A xy X — Spec A is P for any Spec A — Y.

(5) A derived stack X over R is called algebraic if the diagonal Ax: X — X x X is
representable and there exists a smooth map U — X from a 0-Artin stack which is
surjective. We denote by dAlgStky the oco-category of derived algebraic stacks.

8Tn other words, a derived 0-Artin stacks is one which is a (possibly infinite) coproduct of affine schemes in
the category of étale sheaves on CAlgy"

9f X is classical, this notion will be stronger than being a quasi-separated algebraic space in the sense of
[Stacks, Tag 025X, Tag 02X5] where the diagonal is required to be representable in quasi-compact schemes.
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(6) A derived stack X over R is called geometric if it is algebraic and diagonal Ay: X —
X x X is affine. We denote by dGeoStkr the co-category of derived geometric stacks.

(7) A derived stack X over R is called Deligne—Mumford if it is algebraic and X is a
classical Deligne-Mumford stack over mo(R).

Remark 3.1.18. We reminder the reader of certain properties P of morphisms of derived
algebraic spaces which will appear throughout the paper. Let f: X — Y be a morphism of
derived algebraic spaces.
(1) For P = {proper, closed immersions}, then we say that f is P if the map of classical
algebraic spaces f¢': X¢' — Yl is P in the usual sense.
(2) For P = {étale, smooth, open immersion, flat}, then f is P if for any étale 0-representable
cover U — X (so that U = Lg(UjerSpec A;)) the composite U — Y, which is 0-
representable morphism, is P.

By definition, we have the sequence of inclusions
dAlgSpcr C dGeoStkgr C dAlgStkyp C dStkg.

A derived algebraic stack X is called quasi-compact (qc) if there is a smooth surjective
map Spec A — X from a derived affine scheme. It is called quasi-separated (gs) if diagonal
Ax: X — XxX is quasi-compact, meaning that the pull-back of Ay to any point Spec A — XxX
is a quasi-compact derived algebraic space.

We denote by
dAlgStkE®® C dAlgStkpg,
the inclusion of the oco-category of qcqgs derived algebraic stacks into all derived algebraic stacks;
we us a similar notation for dGeoStkj .

Remark 3.1.19. By the argument in [GR17a, Chapter 2, Proposition 4.4.9] any algebraic (or,
more generally, any n-Artin) stack is convergent.

Example 3.1.20 (Classifying stacks). Let R be an animated ring and suppose that G is an
R-group affine scheme (in other words, an R-algebra S such that G = SpecR is group-like
E;-monoid in derived R-prestacks). In particular, G(A) is naturally a roup-like E;-monoid in
spaces. Then we can consider its classifying space, which is the derived prestack A +— {*}xc(a)-
The classifying stack BG is defined as étale sheafification of the presheaf A — B(G(A)).
Assuming that G is a representable by a smooth R-algebra, then the map Spec R — BG defines
a smooth cover and the diagonal is affine.

For the purposes of this paper, the reader should feel free to set R = k, a field of characteristic
zero and G a finite type affine group scheme (aka algebraic group) over k; note that, in this
case, G is automatically smooth

Example 3.1.21 (Quotient stack). More generally, given a derived algebraic space X over R
endowed with an action of G as above we can form the quotient stack [X/G], defined as the
étale sheafification of the prestack R +— X(R)xg(r). The map X — [X/G] is a smooth affine
cover and one can check that [X/G] is a geometric stack (since in our convention X has affine
diagonal).

3.1.22. ANS and perfect stacks. We now recall conditions on stacks which are ultimately about
their stabilizer groups. Imposing these conditions are rather standard in stacky extensions of
motivic and K-theoretic objects; see for example [Hoy17], [KR21], [BKRS20], [ES21]. The key
concept is that of an ANS stack (Definition 3.1.27) and our main theorems will apply to these
type of stacks. We will be somewhat terse and refer the reader to [ES21, Section 2.2.16] for
more details.

Definition 3.1.23. An affine group scheme G of finite type over a classical ring R is called
linearly reductive if the global sections functor

I'(BG, —): Dgo(BG) — D(R)
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is t-exact for the standard ¢-structure.

Example 3.1.24. The group G,, is linearly reductive over any base ring R. If R = & is a field
of characteristic 0 then G is linearly reductive if and only if it is reductive: namely, its unipotent
radical is trivial. In particular, in this case the general linear group GL,, and all finite group
schemes are linearly reductive. The group G, is an example of a non-linearly reductive group.

Definition 3.1.25. A group scheme G is said to be nice if it fits into a short exact sequence
1-G—-G—=>Gy—1
such that Gq is finite locally free and G; is an algebraic torus (in other words the base change
to the algebraic closure (G1)y is isomorphic to G}, for some n).
Remark 3.1.26. Nice group schemes are linearly reductive (see [AHR19, Remark 2.2]).
The following class of stacks is the most important one for our considerations.

Definition 3.1.27. An algebraic derived stack X is called ANS'? if the diagonal of X is affine
and the stabilizer group of every point Spec K — X is nice.

One of the structural results on ANS stacks that will be useful for us is the following the-
orem of Alper—Hall-Halpern-Leistner-Rydh (see [AHLHR22, Theorem 1.9]; also [KR21, Theo-
rem 2.12]):

Theorem 3.1.28. Let X be a quasi-compact ANS derived algebraic stack over a field k. Then
there is an affine Nisnevich cover {[Spec A;/G;] — X}iec1, where R; are some connective k-
algebras and G; are nice group k-schemes.

Remark 3.1.29. Note that by definition an ANS stack X is a derived geometric stack. Also,
by [BKRS20, Lemma A.1.7] if f: X’ — X is representable, then X’ is ANS if X is.

Example 3.1.30. Over a field of characteristic zero all derived Deligne-Mumford stacks with
affine diagonal are ANS.

Example 3.1.31. Given a nice group scheme G acting on a derived algebraic space X, the
quotient stack [X/G] is ANS.

Lastly, we will often impose the following sheaf-theoretic restriction on our stacks. It ensures
that derived oco-category of quasicoherent sheaves admits an ample supply of dualizable objects.

Definition 3.1.32 ([BZFN10], [BKRS20, Definition A.3.1]). A derived algebraic stack X is
called perfect if the natural functor

Ind(Perf(X)) — Dy (X)
is an equivalence of categories.
Example 3.1.33. In characteristic zero, many quotient stacks are perfect. Indeed, by [BZFN10,
Corollary 3.22] the quotient [X/G] of a derived scheme X quasi-projective over a field in charac-

teristic 0 by an algebraic group G is perfect. Also, by [BKRS20, Theorem A.3.2] a quasi-compact
ANS stack is perfect.

3.2. Localizing invariants. In this section, we recall some preliminaries about localizing in-
variants that we will need in this paper, following [BGT13] and the relative version as developed
in [HSS17]. Throughout, let us fix

& e CAlg(CatPey,

a symmetric monoidal, idempotent complete stable co-category (whose tensor product is exact
in each variable) which is rigid: all of its objects are dualizable. We set the oo-category of
&-modules in CatP*™ as:

CatP (&) := Modg (CatPe™).
We have the forgetful functor Ug : CatP®f (&) — CatPe™.

10ANS = algebraic with nice stabilizers.
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Example 3.2.1. Examples of & include Perf(X) where X is a perfect stack in the sense of
Definition 3.1.32. The example that we will mostly care about is X = BG where G is an affine
algebraic group in characteristic zero.

We will use the terminology of [CDH™20].
Definition 3.2.2. A pair of composable morphisms
ALBhe
in Cat®® is called a Karoubi sequence (see [CDH*120, Definition A.3.5, Proposition A.3.7]),
if the composite is null, ¢ is fully faithful and the quotient map (in stable categories) B/A — A

is an equivalence in CatP™" (in other words, equivalence after idempotent completion).
A pair of composable morphisms

AL BHe
in CatPf(&) is said to be a Karoubi sequence (see [HSS17, Definition 5.3]) if Ug of it is a

Karoubi sequence in the above sense. Let V be a stable co-category. An (V-valued) localizing
invariant (of £-linear categories) is a functor

F: CatPf (&) >V

which sends 0 to 0 and Karoubi sequences to fiber sequences. Such an F is finitary if it
preserves filtered colimits.

To formulate the completion theorem, we will need the following structure on K-theory of
E-linear categories.

Construction 3.2.3. According to the formula of [HSS17, Theorem 5.25], generalizing the
main theorem of [BGT13], (non-connective) K-theory promotes to a lax monoidal functor

K: CatP (&) — Spt.

Since € is the unit object of CatP®™ (&), K(&) is canonically an E,.-algebra and the functor K
factors uniquely through

MOdK(g)(Spt)
(3.2.4) K l
CatPof (&) — X Spt.

Therefore, if @ € CatP*(€), then there is a canonical K(&)-module structure on K(€). We
will use this structure implicitly without further comment.

Remark 3.2.5 (A remark on localizing invariants as “K-modules”). In fact, more is true. Let
Funi® (CatP®! (&), Spt) be the co-category of finitary localizing invariants of €-linear categories.
Under Day convolution, we have a symmetric monoidal co-category Funf® (CatPef (&), Spt)®
and, by [HSS17, Theorem 5.25], K-theory is the unit object and therefore any localizing invariant
admits a coherent action of K-theory as a functor out of CatP®(€). We will not need this
general structure as other multiplicative localizing invariants involved in this paper will come
with preferred multiplicative maps from K-theory.

There are other properties of localizing invariants that will be useful for us. Let
E: CatPf(&) =V

be a localizing invariant, valued in V a stable, presentable co-category.

(1) E is said to be truncating if for any connective algebra A, and an &-module stucture
on Perf(A) the map E(Perf(A)) — E(Perf(mpA)) is an equivalence;
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(2) E is said to be Al-invariant if for any € € CatP®!(€), the canonical map'! E(€) —
E(C[t]) is an equivalence and E factors as F o E' where E’ is a finitary localizing invari-
ant!2,

We now discuss some examples which will feature prominently throughout the paper.

Example 3.2.6 (K-theoretic examples). Here we list some examples of localizing invariants of
K-theoretic nature that will be relevant for us.

(1) The primary example is the nonconnective algebraic K-theory K; it is neither truncating,
nor Al-invariant, and is the central character of the present paper.

(2) Let & = Perf(R) where R is a base commutative ring spectrum (the reader is free to
take R a discrete or animated ring). We define Weibel’s homotopy-invariant K-theory
KH as

KH(G) = lim KH(G ®R Perfmﬂm).
neA

As name suggests, this is A'-invariant and is the initial A'-invariant localizing invariant
under K-theory. In fact the same construction may be performed with any localizing
invariant to produce an Al-invariant approximation thereof.

(3) Thomason’s K(1)-local algebraic K-theory, Ly 1)K is defined by applying the K(1)-
localization functor (recall that we have picked an implicit prime here) to K-theory.
Results of Land-Meier-Mathew-Tamme [LMMT24, Corollaries 4.23 and 4.25] shows, in
particular, that Ly 1)K is both Al-invariant and truncating whenever & = Perf(R),
where R is a classical commutative ring.

(4) Let & = Perf(C). Blanc’s semitopological K-theory K* and topological K-theory K™P
[Blal6] are also examples of localizing invariants constructed out of algebraic K-theory.
A theorem of Konovalov [Kon21] proves that K5 is truncating, while its Al-invariance
is established in [AH18, Lemma 3.1]. This leads to the same properties for topological
K-theory.

Example 3.2.7 (Hochschild-theoretic examples). Another class of localizing invariants that
we will study are those constructed out of Hochschild homology.
(1) Fixing a base commutative ring spectrum R and a small R-linear stable oco-category C
the trace map
D(R) — Ind(C°?) ®g Ind(€C) — D(R)
is determined by its value on the unit R € D(R). The corresponding object
HH(C/R) € D(R),

is called the Hochshild homology of € and determines a D(R)-valued localizing invari-
ants of Perf(R)-linear categories. If R =S, the sphere spectrum HH(C/S) = THH(C)
is often referred to as topological Hochschild homology. For the purposes of this
paper, we are mostly interested in the case that R is a base discrete commutative ring.
Hochschild homology is a localizing invariant, which is neither A'-invariant nor trun-
cating. There is a natural S'-action on HH(C/R). In fact it has a further cyclotomic
structure [NS18]; but since we are not really considering the topological variant of it
too seriously we will not go into it further. In section 7.2.1, we will review another
perspective of Hochschild homology in terms of loop stacks. This will be crucial in
understanding completions of Hochschild homology at various ideals.
(2) The S'-action on HH(C/R) gives rise to other invariants:

HC™(€/R) = HH(C/R)""  HH(C/R)ps: = HC(€/R)  HH(C/R)’S' =: HP(C/R).
These invariants fit into a fibre sequence:
HC(C/R)[1] - HC™(€/R) — HP(C/R).

HHere, we denote C[t] := € @ Perf(S[t]).
12This technical assumption appears as (C3) in [TdB20]. All known localizing invariants satisfy that.
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(3) Let k be a field of characteristic zero. Then the HP(C/k) is Al-invariant and truncating.
The latter basically follows from the former and is a theorem of Goodwillie [Goo85a].
For a modern account, we refer the reader to [Ram]. While these accounts only prove
Al-invariance on k-dga’s the arguments of loc. cit. can be used to promote the results
to arbitrary k-linear categories.

4. DESCENT FOR COHOMOLOGY THEORIES ON DERIVED STACKS

In this section, we discuss descent for cohomology theories for algebraic stacks. We start
with a cohomology theory (more specifically, a localizing invariant) E: dAff” — Spt on derived
affine schemes. Invoking the Knutson-Lurie Theorem 4.3.11, which states that every qc derived
algebraic space is covered by derived affine schemes, we can canonically extend E to dAlgSpcpy
using Nisnevich descent. At this point, to further extend E to derived algebraic stacks, we have
two natural options: for a Grothendieck topology 7 on dAffg for which E is a 7-sheaf (e.g.
Nisnevich), one could impose descent with respect to suitably defined geometric 7-coverings or
with respect to all 7-surjections (in the sense of Remark 3.1.15). We discuss this difference in
detail in Section 4.3. In particular, we will see that the functor X — E(Perf(X)) has descent with
respect to Nisnevich covers when restricted to perfect stacks (Corollary 4.3.8), while extending
E via right Kan extension has descent with respect to all Nisnevich surjections (Theorem 4.2.5).
From this point of view, the Atiyah-Segal completion theorem bridges the gap between these
two different forms of descent. Lastly, in Section 4.4 we discuss cdh excision for localizing
invariants of stacks.

4.1. Universal descent. To formulate descent results on stacks, we will use the language of
universal E-descent as in [LZ14].

Definition 4.1.1. Let C be an oo-category with pullbacks, D an oo-category with all limits,
and suppose that we are given a functor

E: CP - D;

we say that a morphism f: X — Y in C is of (resp. universal) E-descent if the canonical
map

E(Y) - lim (B(X) = BX xyX)= ... )

is an equivalence (resp. remains so after every pullback of f in €). We also say that E satisfies
(resp. universal) descent with respect to a collection of morphisms € in € if any f € & is of
(resp. universal) E-descent.

Example 4.1.2. Let 7 be a Grothendieck topology on an oco-category € with pullbacks and
coproducts. Let {X; — X} be collection of morphisms generating a 7-sieve. Then, by definition,
the map J[X; — X is of universal descent for any 7-sheaf.

The following records standard stability properties of morphisms of E-descent [LZ14, Lemma
3.1.2]:

Lemma 4.1.3. Let C be an oco-category with pullbacks, D an oco-category with limits, and
suppose that we are given a functor

E: C? —» D.

(1) FEvery retraction is of universal E-descent.

(2) If (composable) morphisms f,g are of universal E-descent, then so is the composition
fog.

(8) If the composition f o g is of universal E-descent, then f is.

(4) Morphisms of universal E-descent are stable under base change.
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4.2. Right Kan extensions of cohomology theories. In this section, we will study the
extension of E to algebraic stacks given by right Kan extension. Most of the material here
is covered and extended further in the work of Khan-Ravi [KR21] and Chowdhury [Cho21]
(see Remark 4.2.7). We will only develop some rudiments of this formalism needed for the
Atiyah-Segal completion theorem.

Let R € CAlg™ be a base animated commutative ring. For any functor E: dAfff” — D to
a complete co-category D we can consider its right Kan extension

RIAME: dPStky? — D

with respect to the embedding CAlg®* ~ dAffyY C dPStky’ (cf. [KR21, Construction 12.1 and Re-
mark 12.3]). In most examples of our interest, the functor on affine schemes will be of the form

E o Perf: dAff” — Spt,

where E: Catfpierf — Spt is an R-linear localizing invariant. In this case we will still simply write
RIAE for the corresponding right Kan extension.

Note that since dPStkp is freely generated by dAffg C dPStkg under colimits, R E sends
colimits in dPStkg to limits in €. Since any X € dPStkg is reconstructed as

colim  Spec A € dPStkg,
{Spec A—X}

we can explicitly compute RIAFE(X) as

(4.2.1) RUIE(X) ~ lim E(SpecA).

Spec A—X

The next proposition is a purely formal consequence of this observation.

Proposition 4.2.2. Let 7 be a Grothendieck topology on dAffgr and let D be a presentable
oco-category. Suppose that

E: dARY — D,
is a T-sheaf. Then any T-surjection w: X — Y in PStkg is of universal R E-descent.

Proof. First, let us assume that D = Spc so that E: dAff}” — Spc is itself a prestack; (4.2.1)
then states that:

RIMTE(X) ~ Mapspggy,, (X, E).
Since 7-sheafification is a localization, we get that Mapspg;, (X, E) ~ Mapspgyy, (L+X, E). By
definition, if 7 is a 7-surjection, then |Xo| — Y is an L,.-equivalence. We thus conclude that

Mapspgiyg (X, E) ~ [1]imA(RdAffE(x.)).
olc

Since any presentable co-category is a localization of a category of presheaves valued in spaces
[Lurl?, Proposition 5.5.1.1], the result follows. O

The previous proposition states that R E satisfies universal descent for m-surjections, when-
ever E is a 7-sheaf on dAffg. We now will also characterize certain functors which are of the
form RIFE via the following general lemma. Let us recall some terminology. Let C be an
oo-category with pullbacks and €' C € be a full subcategory, stable under pullbacks. We say
that a morphism f: X — Y in € is representable in €’ if for all Z € €’ and all morphisms
7Z — Y, the pullback Z xv X belongs to €.

Lemma 4.2.3. [LZ14, Proposition 4.1.1] Let C be an oco-category with pullbacks and D a
presentable co-category. Let & C €A 4 collection of morphisms stable under pullback and
composition. Let 1: €' C C be a full subcategory closed under pullbacks. Assume that for any
X € C there exists a morphism f: Y — X such that

(1) Y e ¢,

(2) f is representable in €' and

(3) fisin &.
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Consider a presheaf
F: CP = D,
such that any arrow in € is of universal F-descent. Then the canonical map
F = R (F|er)
is an equivalence.

Remark 4.2.4. Let us also formulate Lemma 4.2.3 as an equivalence of categories, as is
done [LZ14, Proposition 4.1.1]. With the notation of Lemma 4.2.3 we can consider the full
subcategories

Fun®(€°P, D) c Fun(C®, D)  Fun®"®'((€)°", D) C Fun((€)°®, D)

spanned by functors of universal & and €N E’-descent correspondingly. The right Kan extension
functor

Ly Fun((€)”, D) — Fun(C°P, D)

implements the right adjoint to restriction along ¢. Lemma 4.2.3 then asserts an equivalence
over this functor, in other words a commutative diagram:

Fungﬂe/(((t")()p,@) —= Fun®(C°P, D)

l |

Fun((€)°?, D) —=— Fun(C°P, D).

The next theorem characterizes RM¥E as the universal extension of E to a presheaf on a
large class of stacks which respects Nisnevich surjections. Let dAlgStk&®>* < dAlgStkce
denote the full subcategory spanned by stacks with separated diagonal.

Theorem 4.2.5. Let E be a k-linear localizing invariant. Then there exists a unique functor
E: (dAlgStkyre™*)™ — Spt

characterized by the following properties:

(1) there is an equivalence of presheaves on dAffg: E = E|dAH°RP7

(2) any Nisnevich surjection is of universal E-descent.

Proof. The existence part is given by setting E := RYFE and invoking Proposition 4.2.2 which
asserts that Nis-surjections are of universal descent for such a functor. We now prove the
uniqueness part. Let E be such a functor, it then admits a canonical map 7: E — RdAH(E\d AfE)-
By part (1) of the hypothesis, we have an equivalence (E|dAﬂ‘) ~ E. Hence we just need to show
that the map 7 is an equivalence. We claim that 7’ is an equivalence by Lemma 4.2.3. Indeed,
set €' C C to be the inclusion dAfff" C dAlgStk%qu’Sd and & be the collection of Nisnevich

surjections. The hypotheses are then verified by the derived Deshmukh’s Theorem B.0.1.
O

Remark 4.2.6. We expect Theorem B.0.1 to also hold without the separated diagonal as-
sumptions. In the classical case this has been verified in a new version of [Des23] where an
improvement of the original result was obtained by Deshmukh and Hall. This uses a somewhat
nontrivial ingredient — the theory of Hilbert stacks. To prove a derived version of this more
general result would probably require us to delve into the theory of the derived Hilbert stack
which is surely interesting. Since, in this paper, we are mostly concerned with ANS stacks
which are derived geometric stacks we leave it to the interested reader to extend Theorem 4.2.5
to that generality.
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Remark 4.2.7 (Chowdhury and Khan-Ravi’s generalized cohomology of stacks). We sketch
briefly what is done in [Cho21] and [KR21] and how it relates to the present discussion. In
both work, Chowdhury and Khan-Ravi begins with a six functor formalism defined on (derived)
schemes; the most basic data of such is a functor D*: Sch°? — Cat,. These categories “house”
cohomology theories which are representable in these categories. In [Cho21] the extension to
stacks is performed by taking the right Kan extension to stacks which one denotes by Dy,
while [KR21] takes a smaller “lisse” extension: for an algebraic stack X they set D% (X) :=
lim ;) D*(U) where u: U — X is a smooth surjective morphism and U a scheme. These two
extensions, typically agree for a large class of stacks. If D* satisfies étale descent then this is
even true for any n-Artin stacks; if D* is just a Nisnevich sheaf the best known generality is due
to Deshmukh [Des23, Corollary 3.12]: namely, the two extensions for quasi-separated algebraic
stacks with a separated diagonal.

The focus of [Cho21] and [KR21] is on developing a full six functor formalism for these
extended theories. In particular one gets a notion of homology, Borel-Moore homology and
compactly supported cohomology on stacks by taking global sections of some objects. In this
paper, we are interested in extensions of cohomology theories from derived affine schemes to
derived stacks and, in this particular section, we essentially perform a “decategorified” version
of [Cho21] and [KR21]. One big difference is that our cohomology theories are not necessarily
represented in the versions of D* considered in these papers; for example they are not assumed
to have Al-invariance, though in all examples they are Nisnevich sheaves on affine derived
schemes.

4.3. Nisnevich covers. We now explain a relatively large class of morphisms which are of
universal descent for any E a localizing invariant. Nisnevich covers on algebraic stacks has
been defined in several places in the literature: [K@12, Section 6.1], [HR18, Section 3], [HK19,
Section 2C], [BKRS20, Section 2.1] to name a few. We define it in the context of derived stacks
here, via a trivial modification.

To define Nisnevich covers, we first need to define the notion of being completely decom-
posed for algebraic stacks. If X is a derived algebraic stack, and x: Spec K — X is a morphism
over k where K is a field over k, then it factors through 7¢'X. In which case we get a map
Spec k — X! and it makes sense to speak of its residual gerbe 7, — SpecK as in [Stacks, Tag
06ML]; we refer to [Ryd11, Appendix B] and [Stacks, Tag 06RD] for the existence of residual
gerbes on gs algebraic stacks. Roughly speaking 7, — Spec K is of the form BG where G is the
stabilizer of the point at  and the morphism 7, — X is a closed immersion.

Definition 4.3.1. A morphism f: X — Y is said to be completely decomposed if for any
field point y: Spec K — Y, there is a K-point z: Spec K — X over y such that the induced map
on residual gerbes 7, — 7, is an isomorphism.

Definition 4.3.2. Let X € dAlgStquCqs and let {p;: X; = X};c1 be a collection of representable
étale morphisms where X; is qcgs. Then we say that that the above collection is a Nisnevich
cover if L;c1X; — X is completely decomposed.

Example 4.3.3. If f: X — Y is a morphism of derived algebraic spaces, then the completely
decomposed condition just means that any field point to Y lifts to X.

Remark 4.3.4 (Nisnevich covers vs Nisnevich surjections). Let f: Y — X be a Nisnevich cover
of qcgs derived algebraic stacks. Then f: Y — X is a Nisnevich surjection. Indeed, it is enough
to show that for any Spec A — X, the map Y x Spec A — Spec A has a Nisnevich-local section.
Using Knutson—Lurie Theorem 4.3.11 we can find a Nisnevich cover SpecS — Y X SpecA;
since the composite map SpecS — Spec A is also a Nisnevich cover this provides a desired
Nisnevich-local section.

The converse is not true: not all Nisnevich surjections are Nisnevich coverings. Let X €
dSchr and suppose that G is a smooth X-group scheme such that any G-torsor over affine
Spec A — X is Nisnevich-locally trivial. Examples include G = GL,, SL,, Sp,,,- Then the
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morphism of stacks X — [X/G] is a Nisnevich-effective epimorphism. However it is not, in
general, a Nisnevich cover. Indeed, the map Spec k — BG,, cannot be a Nisnevich cover since
the morphism on the residual gerbes over the point Spec k — BG,, is given by BG,, — Speck.

One of the main features of the Nisnevich topology is the equivalence between Nisnevich
descent and excision for Nisnevich squares.

Definition 4.3.5. A Nisnevich square in dAlgStkk * is a Cartesian square of derived alge-
braic stacks
W——7V

Lk

uU—2sx
where j is a Zariski open immersion'® and p is a representable étale morphism that induces an
isomorphism away from U.

Proposition 4.3.6. Let D be an oo-category with limits. Let
F: (dAlgStkE®)* — D,

be a presheaf. Then the following are equivalent:

(1) F(0) = % and converts Nisnevich squares to cartesian squares;
(2) any Nisnevich cover is of universal F-descent.

Proof. The case of classical algebraic stacks is discussed in [HK19, Section 2C] with the main
content being [Ryd11, Proposition 3.3]. The derived case follows by the same argument. O

Proposition 4.3.7 ([BKRS20, Corollary 4.1.2]). Let

W ——7V

Lk

u—1-x

be a Nisnevich square of derived algebraic stacks, where X and V are perfect. Then for any
localizing invariant E the induced square

B(X) —— E(V)
b
E(U) —— E(W)

is Cartesian.
From Proposition 4.3.6 we get the following.
Corollary 4.3.8. For any localizing invariant ¥ the restriction
E: (dAlgStki™)™ = Spe,  E s E(Perf(X))

to the subcategory dAlgStk%erf C dAlgStky of perfect stacks satisfies descent for Nisnevich
covers.

Remark 4.3.9. Since any qc ANS stack is perfect we also get that E satisfies descent for
Nisnevich covers when restricted to qc ANS stacks. Note that if we have a Nisnevich cover
U;jerX; — X and X is ANS, then any of the X; is also ANS by Remark 3.1.29.

13Gince we are working in Stk9°9% it is implied that j is a qc open immersion; there are, however, plenty of
non qc open of a stack.
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4.3.10. Cohomology theories on derived algebraic spaces. Zariski descent implies that any co-
homology theory on qcgs derived schemes is controlled by its values on derived affine schemes.
Nisnevich descent allows us to control cohomology theories on qcgs derived algebraic spaces by
its values on derived affine schemes. In other words, for many purposes, defining a cohomol-
ogy theory on affine schemes is as good as defining one in qcgs derived algebraic spaces. This
principle is formalized by:

Theorem 4.3.11 (Knutson-Lurie). Let X be qcgs algebraic space. Then there exists a finite
collection of étale morphisms {Spec A; — X};=1...., constitute a Nisnevich covering of X.

Proof. In the case of a classical algebraic space, this result is due to Knutson [Knu71, Chapter II,
Theorem 6.4]. The derived extension of this result due to Lurie in [Lurl8, Example 3.7.1.5]. O

As a straightforward application of Lemma 4.2.3 we note the following lemma which says
that any cohomology theory on dAffg which satisfies Nisnevich descent extends uniquely to
one which has descent with respect to Nisnevich covers on qcqs derived algebraic spaces. In
the notation of Lemma 4.2.3, we set C = dAlgSpcg ™. We set to be € = Nis, the collection of
arrows of the form UY; — Y, where {Y; — Y} is a Nisnevich cover. We let €' := dAffg and
€ restricts to dAffr as the collection of Nisnevich covers of derived affine schemes. If D is any
presentable co-category, we then obtain an equivalence

(4.3.12) Fun™((dAlgSpci™®)°P, D) ~ Fun* (dAffP, D),

implemented by right Kan extension.

Let E now be an R-linear localizing invariant. Let X be a derived algebraic stack. The
Atiyah-Segal completion theorem concerns the difference between E evaluated on Perf(X) and
on the right Kan extension of E from derived affine schemes evaluated on X. The next lemma
says that no such ambiguity occurs for derived algebraic spaces.

Proposition 4.3.13. Let E: Cat%erf — Spt be a localizing invariant. Then the functor E o
Perf: (dAlgSpci ®)°P — Spt is right Kan extended from dAff. In particular, the morphism

E o Perf — RE
18 an equivalence.

Proof. We need only to prove that if {Y; — Y} is a Nisnevich cover, then EoPerf is of universal
descent for LIY; — Y. This is recorded in [CMNN20, Proposition A.13].
O

4.4. Cdh excision. Lastly, we discuss cdh-excision on stacks. We avoid going into the cdh
topology on stacks, but rather view it as a property of a cohomology theory respecting certain
naturally occurring pullback squares of derived stacks. To our knowledge, this idea was first
considered in [HK19, Section 6], and later in [BKRS20, Section 2.1].

Definition 4.4.1. A proper cdh square (or abstract blow-up square) in dAlgStka°® is
a commutative square of derived algebraic stacks

v
7

72— X

b

Z —— X
with the following properties:

e the corresponding square of classical stacks is Cartesian: (Z/)! ~ (X’ x 2)%;
e f is representable, f°! is finitely presented and proper, i° is finitely presented, closed
embedding whose complement is quasi-compact;
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e f induces an isomorphism on the complements'® fix/ 2/ (X' N 2/) ~ (X \ Z).
A functor
E: (dAlgStkE®)™® — D
is called cdh-excisive if E converts abstract blow-up squares to pullback squares.

An important example of an abstract blow-up square is given by

g—r 5y

b
X —

Consequently, if E takes values in a stable co-category and converts the empty stack to 0, E

converts the closed immersion 7¢'X < X to an equivalence. The following lemma will be useful.

Lemma 4.4.2. Let D be an oco-category with all limits and let
E: dAfff? - D
be a functor such that for any Spec A € dAffg, the map E(SpecA) — E(Specmy(A)) is an
equivalence. Then the map
RdAffE(x) N RdAH(TCl:X:),
s an equivalence.

Proof. As recalled from Remark 3.1.10, 7¢!X is obtained as the left Kan extension of the restric-
tion of X to classical affine schemes. We claim that the canonical map in prestacks:
X ~ colim Spec A — colim Spec o (A
T Qb Sp §Qhm Sp mo(A),

is an equivalence. Restricted to classical affine schemes, the map above is an equivalence. Hence
it suffices to prove that the target is also left Kan extended from classical affine schemes. But
now, each term is a classical affine scheme and this subcategory is closed under colimits. The
result then follows from the formula for RIATE.

O

Proposition 4.4.3. Let E be a R-linear, truncating localizing invariant. Then
RITE: (dAIgStky )P — Spt
converts an abstract blow-up square to a cartesian square.

Proof. Fix an abstract blow-up square which we denote as

-/
3

Z —— X

o=l

Z —1= X
Our goal is to prove that RIA®E(0) is cartesian. According to Theorem B.0.1 we we may find
a Nisnevich surjection 7: Spec R — X. Denote by O, the base change of OJ along 7. Forming
the Cech nerve of [J along the map 7, we have an augmented cosimplicial diagram of squares
0 — OX°. By Lemma 4.2.2, we get that RITE(D) ~ lima RMFE(OX®), hence it suffices to
prove that for each n € N, the square RAFE(0X") is cartesian. Now, each such square is an
abstract blow-up square of derived algebraic spaces. By Lemma 4.3.13, RIAfE ~ E o Perf and
hence it suffices to prove that the latter preserves abstract blow-up squares. This is then a

special case of [ES21, Corollary 5.2.6].

O

14\We refer the reader to [Lurl8, Section 3.3.6] for the discussion on the underlying topological space of a
derived algebraic stack; we note that the open complement of a closed substack inherits the structure of a derived
algebraic stack from X.
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5. FORMULATING THE ATIYAH-SEGAL COMPLETION THEOREM

As noted above, not all natural extensions of E satisfy descent with respect to 7-surjections
even if E does on derived affine schemes. Moreover, RfE is an essentially unique extension
of E that has satisfies this form of 7-descent. In this section, we define another extension of E
that is more intrinsic to E, at least when evaluated on quotient stacks [X/G] with a fixed group
G. This extension is a completion of E at a certain ideal, called the Atiyah-Segal ideal in honor
of their analogous work in topology in the context of topological K-theory [Ati61, AS69].

5.1. Preliminaries on completions. We begin by briefly recalling the machinery of com-
pletions of structured ring spectra as in [Lurl8, Chapter 7.3]. To the authors’ knowledge, the
relevance of this machinery to completion theorems for K-theory was first noted in [TdB20]. Let
R be a commutative ring spectrum and I C mp(R) an ideal. According to [Lurl8, Proposition
7.2.4.4] there is a semiorthogonal decomposition

D(R) ~ <D(R)Ifnil,D(R)Ifloc>'

Here, D(R)!~ ™! is the subcategory of I-nilpotent modules: those M such that M[z~1] ~ 0 for
all z € I and I-local objects are exactly those which are right orthogonal to I-nilpotent objects.
On the other hand, the subcategory I-complete modules, denoted by D(R)!~°P!, is defined as
the right orthogonal to I-local objects [Lurl8, Definition 7.3.1.1]: in other words an R-module
M is I-complete if and only if for all I-local module N we have that Maps(N, M) ~ 0.

Under mild hypotheses, the category of complete and nilpotent modules coincide; we for-
mulate this equivalence. The inclusion i, : D(R)I=°P! < D(R) (resp. D(R)I™™! < D(R))
admits a left adjoint i*: D(R) — D(R)'=°P! [Lurl8, Notation 7.3.1.5] (resp. a right adjoint
i': D(R) — D(R)'="! [Lurl8, Notation 7.2.4.6]). The unit map

M — i,i*M =: M{
witnesses the target as the I-adic completion of M, while the counit map
(M) :=i,i'M — M

witnesses the domain as the I-local cohomology of M. We now further assume that I is finitely
generated (which is the case for the ideals that appear throughout this paper), then each adjoint
pair induces an equivalence D(R)! % ~ D(R)!=<P! [Lur18, Proposition 7.3.1.7]. Identifying this
category as D(R)!=°P!, the inclusion

i, : D(R)'=°P' = D(R)

thus admits a left adjoint * and a right adjoint i' and we denote the endofunctor i,i*: D(R) —
D(R) by (—)f*. Furthermore, we note that the endofunctor (—){* is symmetric monoidal since

1* is a strong symmetric monoidal functor [Lurl8, Corollary 7.3.5.2].

Remark 5.1.1 (Formula for the I-completion). Let (r1,...,7,) be a set of generators for I and
let M € D(R). For r € R denote by [R/r] the cofiber R -+ R. The module M ®r [R/r!'] ®r
...®r [R/r}r] is I-complete for any n-tuple of powers (i1, ...i,) € N (see e.g. [Lurl8, Corollary
7.3.3.3]). The natural maps M — M ®g [R/r}'] ®R ... ®r [R/rin] then give a map
M{ — o lm M®r R/r{'] ®r ... ®r [R/r}],
B0 yeensin

which in fact is a quasi-isomorphism (this follows by induction on n from [Lurl8, Corollary
7.3.2.1], with the induction step provided by [Lurl8, Proposition 7.3.3.2]).

Remark 5.1.2 (Change of rings). Let R — R’ be a homomorphism of commutative ring spectra.
Let M’ be an R’-module. Let I C m(R) be a finitely generated ideal and let I’ C mo(R’) be the
ideal generated by the image of I. Then by [Lurl8, Corollary 7.3.3.6] the I'-adic completion
(M'){> exhibits the I-adic completion of M’ as an R-module. In such situation we will thus often
write (M){" instead of (M'){’ to simplify the notation.
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Remark 5.1.3 (A warning about various completions). Starting with Definition 7.1.1, we will
see a proliferation of other completion functors. While these can be compared, the context
differs slightly. We will mostly apply the theory I-adic completion to the K-theory spectra of
various stacks over BG with the ideal I given by the augmentation ideal of G (as recalled in
the next section). In particular, we only perform I-adic completions at K(BG)-module spectra.
In contrast, completions via de Rham prestacks are performed on the geometric level of maps
of derived (as opposed to spectral) prestacks. There is still a certain compatibility between
the two notions: we refer the reader to Remark 7.1.7, and also Lemma 7.1.17 for a comparison
statement that will be useful for our main results.

5.2. Atiyah-Segal ideal. We now set the base ring to be a field, which we will denote by k.
Let G be a linearly reductive group over k. Let Repzg (G) denote the abelian category of finite-

dimensional G-representations on k-vector spaces. We have a natural functor!'® Repig(G) —
Perf(BG), and the category Perf(BG) splits as the direct sum

(5.2.1) Perf(BG) ~ @ Perf(k) @V,
Vaelrr(G)

with V) given by isomorphism classes of irreducible G-representations. This way the ring
Ko(BG) is naturally identified with the representation ring Ry (G) of (virtual) finite-dimensional
G-representations valued in k-vector spaces; if no confusion arises we will write Rep'® (G) =
Repl;g(G) and R(G) = R(G). The map Spec k — BG induces a ring homomorphism Ko (BG) —
Ko(k) which is naturally identified with the map dim: R(G) — Z sending the class [V] € R(G)
to dim V € Z for any finite-dimensional G-representation V.

Definition 5.2.2. The Atiyah-Segal ideal (or AS-ideal for short) I¢ C Ko(BG) is defined
as the kernel of this map. Via the isomorphism Ko(BG) ~ R(G) it is identified with the
augmentation ideal ker(dim) C R(G).

Remark 5.2.3. Note that R(G) is a finitely generated ring over Z and that, consequently, Ig
is a finitely generated R(G)-ideal. Indeed, for the first assertion note that G fits into a short
exact sequence

1G>G —=>G/Gy—1

with G being the connected component of the unit e € G(k) and G/Gy finite étale. Let k
denote the algebraic closure of k and put G := G x k. By [Tit71], irreducible representations
of Go are encoded by I' := Gal(k/k)-orbits in the character lattice X*(Ty) of a maximal
torus T C (Go)g, and as generators of R(Gg) one can take the classes [Vr.,,| of irreducible
representations corresponding to Galois orbits of the fundamental weights. To get from Gg to
G one can take all direct summands of the inductions Indg0 (Vr.w,): they form a finite set of

tensor generators of Rep'®(G), and thus their classes in R(G) generate it as a ring.

To get a sense of how the representation ring and the Atiyah-Segal ideal looks like, we offer
the following examples.

Example 5.2.4. (1) Let G = T be a split algebraic torus. Let X*(T) := Homg,—scn(T, Gyy)
denote the character lattice. The representation ring of R(T) is given by the group ring
Z[X*(T)]. In particular, Ko(BT) is naturally isomorphic to the group ring Z[X*(T)].
The Atiyah-Segal ideal It C Z[X*(T)] is generated by elements [x] — 1 for x € X*(T).

(2) Let G be a connected split reductive group. Let T C G be a maximal torus. The
representation ring R(G) is identified with the subring Z[X*(T)|V C Z[X*(T)] ~ R(T)
under the natural restriction map R(G) — R(T). Here W denotes the Weyl group
of G. This way Atiyah-Siegal ideal I C R(G) is described as the intersection It N
Z[X*(T) |V c Z[X*(T)W.

15Namely, Repfﬂg(G) is identified with the heart Perf(BG)Y of the natural t-structure on Perf(BG).
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(3) Let G = GL,. This is a particular case of (2), where we can identify W ~ ¥, and

ZIX*(T)] ~ Z[t5!, ..., tF1], with X, acting by permutations of ¢;. Tt is well-known that
the X, -invariants Z[tfl, ..., X% are given by the subring Z[eq, ..., en_1,en, €] C
Z[tlﬂ, ..., tF1] where e; € Z[t,...,t,] are elementary symmetric polynomials in ;.
The homomorphism dim: R(GL,) — Z is induced by the map sending ¢; to 1, or,
consequently, e; to (7:) We see that the AS-ideal Igy,, is generated by (e; — (?))1<i<n-

5.3. The Atiyah-Segal completion and change of groups. Let X — BG be a derived
prestack over BG. Let E be a localizing invariant; then E(X) := E(Perf(X)) is naturally a
module over K(BG).

Definition 5.3.1. The Atiyah-Segal completion of E(X) is the Ig-completion E(I)C)IAG of
E(X) as a K(BG)-module (in the sense of Section 5.1).

Assume we have an embedding H < G of reductive groups over k. This induces a map of
classifying stacks BH — BG and a functor dPStk/BH — dPStk/BG given by post-composition.
In this case, together with the Atiyah-Segal ideal Iy C Ko(BH) we have the image I - Ko(BH)
of I C Ko(BG) under the induced map K¢(BG) — Ko(BH). It will be very useful to know
that the completions of E(X) for a prestack X — BH — BG with respect to these two ideals
coincide.

Lemma 5.3.2. In the situation above, there exists n > 0 such that
Iy Clg - Ko(BH) C Iy

Consequently, for any derived prestack X — BH and finitary localizing invariant E there is an
equivalence of completions

E(X)f\H = E(x)IAg-KO(BH)
as K(BH)-modules.

Proof. Identifying Ko(BH) ~ R(H) and K¢(BG) ~ R(G) this follows e.g. from [?, Corollary
6.1]. The second part follows since by the above the radicals of Iy and I - Ko(BH) coincide. O

Remark 5.3.3. We note that by the general properties of derived completions, the underlying

K(BG)-module of E(DC)f\G.KO(BH) is equivalent to the Atiyah-Segal completion E(X)f, (with

E(X) considered as a K(BG)-module). In particular, we get an equivalence
E(X)f, ~ B0,
of K(BG)-modules.

Lemma 5.3.4. For any map S = SpecR — BG and a finitary localizing invariant E, the
K(BG)-module E(S) is Ig-complete.

Proof. Pick some embedding G < GL,,. Since any vector bundle is Zariski-locally trivial, there
is a Zariski cover S’ — S such that the composition

S-S — BG — BGL,

factors through the cover Speck — BGL,,. Let S, denote the Cech nerve of S’ — S. The image
of I, in Eo(S}) is 0, and so by Lemma 5.3.2 it follows that image of I in Ey(S,) is 0 for
some n. Consequently, E(S,) is Ig-complete. Recall that E: dAff°” — Sp is a Nisnevich, and
in particular Zariski, sheaf and so

~ i !
E(S) ~ [l]lremA E(S)).

Thus E(S) is a limit of Ig-complete K(BG)-modules, and as such is Ig-complete. g
As a corollary, we obtain the right Kan extended theory is always complete.

Corollary 5.3.5. For any derived prestack X over BG and finitary localizing invariant E, the
K(BG)-module RIATE(X) is Ig-complete.
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Proof. We have RIATE(X) ~ limgpec r—yx E(Perf(R)), and by Lemma 5.3.4 all terms in the
limit are Ig-complete. As a limit of Ig-complete modules, RIAfE(X) is Ig-complete. g

By Corollary 5.3.5 the target of the map E(X) — RI*E(X) is Ig-complete and thus it
factors through the Ig-completion:

(5.3.6) E(X){, = RATE(X).

Definition 5.3.7 (Atiyah-Segal completion). Let E be a k-linear localization invariant, X is
a derived prestack over k and X — BG be a morphism. We say that the AS completion
theorem holds for E, X, G if the map (5.3.6) is an equivalence.

The rest of the paper will be dedicated in proving that, under certain conditions on E, X and
G, the AS completion theorem holds. We will also offer negative results in Section 8.3 which
involves E = K on certain non-reduced stack.

5.4. AS ideal in Ky(BG)g. We finish off this section with a discussion of the AS ideal in
rationalized K-theory; this will be relevant to extend AS completion results to singular stacks.
For this section, we assume that k is a field of characteristic zero. Let G denote a reductive
group scheme over k. We have a short exact sequence

1-G% =G —=m(G) =1

where Gg is the connected component of e € G(k) and mo(G) is the “group of connected
components”; since we are in characteristic zero my(G) is étale. The fiber square

BG? —— BG

! !

pt —— Bmo(G)

induces a map
r: R(G) @r(ro(c)) Z = R(G?)

(where the tensor product is classical).

Lemma 5.4.1. The induced map
19t R(G) Bx(re(c)) Q = R(G")g

admits a natural retraction. Moreover, the ideal generated by ro(lg ® 1) has the same radical
as Igo. If, moreover, mo(QG) is a constant group scheme over k then the left hand side naturally
identifies with the (classical) invariants

RGP € R(G%)q.
The following Galois descent statement for D(Q)-valued localizing invariants will be useful.

Lemma 5.4.2. Let E: Catzerf — D(Q) be a localizing invariant. Let £/k be a Galois extension
with the Galois group 'y Then

T (E(C)) ~ mi(E(C @per(r) Perf(£)))"/~.

Proof. The pull-back f*: Perf(k) — Perf(¢) has a natural right adjoint functor f,: Perf(¢) —
Perf(k). They induce functors g*: € — € ®@pers(r) Perf(£) and g.: € @pers(r) Perf(¢) — €. The
composition g.g* is given by tensoring — ® ¢ which induces multiplication by dim(¢/k) on
E(€) which is an isomorphism. This splits E(€) off the Cech nerve E(C ®pe(x) Perf(£)®*)
which evaluates the I'y/;-fixed points of E(C ®pere(r) Perf(£)) considered as a spectrum with
['y/x-action. The result for homotopy groups then follows since rationally taking I-invariants
is t-exact. O
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Example 5.4.3. Let X be a perfect stack over k. Then (e.g. by [BZEN10, Theorem 1.2(1)])
Perf(X) ®pers(r) Perf(£) =~ Perf(X,) with Xy := X x £. Thus we get that for any D(Q)-valued

localizing invariant E: Cat?" — D(Q) we have
mi(E(X)) =~ m; (B(Xg)) 7+
In particular, taking E = Kg and X = BG for G reductive we get an isomorphism of rings

Ko(BG)g =~ Ko(BGe)g".

r
One also gets that Ig g = Ig ®z Q ~ IGZ?“Q.

Let Ig g = I ®2z Q C Ko(BG)g; it is clear that Ig g maps inside Ig, @ under the map
Ko(BG)g — Ko(BGy)g. Even though it doesn’t necessarily generate it, it is true that their
radicals coincide:

Corollary 5.4.4. For any reductive k-group G and n > 0 we have
(Ie,,0)" Cla - Ko(BGr)g

Proof. This follows from Hilbert’s theorem in invariant theory. O

6. ATIYAH-SEGAL COMPLETION FOR KH AND OTHER A!-INVARIANT LOCALIZING
INVARIANTS

In this section, we extend the results of [TdB20, Theorem 1.5] to a larger class of stacks,
at least when the base field is assumed to be characteristic zero; this restriction comes from
our use of resolution of singularities. As we already mentioned in the introduction, Theo-
rems 8.2.1 and 1.2.2 have been proved for X a smooth projective variety; more generally it is
proved in [TdB20, Corollary 1.3] for stacks of the form [X/G] where X is a smooth, separated
k-scheme, G a reductive group with a k-split maximal torus T such that the action of T on X
is filtrable.

6.1. Reminders on equivariant resolution of singularities. To proceed, we recall some
results on functorial, equivariant resolution of singularities, mostly following [Kol07].

Definition 6.1.1. [Kol07, Section 3.1] Let Y be a reduced, separated finite type k-scheme.
Then a morphism of k-varieties
X5Y
is said to be a resolution of singularities if
(1) = is projective birational morphism,
(2) m is an isomorphism over the smooth locus of Y;
(3) X is smooth over k.

We say that 7 is a strong resolution of singularities if moreover the preimage of the singular
locus 7~ 1(SingY) is a simple normal crossings divisor.

The existence of a strong resolution of singularities which is “functorial enough” to be ac-
commodate equivariance is recorded below.

Theorem 6.1.2. Let k be a field of characteristic zero and let X be a reduced separated scheme
of finite type over k, endowed with the action of an algebraic group G. Then there erists a
G-equivariant map X — X which is a strong resolution of singularities.

Proof. The existence of X follows from [Kol07, Theorem 3.36] (see also [Kol07, Corollary 3.43]).
Now [Kol07, Proposition 3.9.1] yields that the action of G on X lifts to the action on its functorial
resolution X. 0
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We can interpret Theorem 6.1.2 in terms of abstract blow-up squares of stacks as in Defini-
tion 4.4.1 as follows. If X is a reduced, separated scheme of finite type over k, equipped with a
G-action and Z < X is a G-invariant subscheme of X containing the singular locus of X, then
there exists an abstract blow-up square

(W/G] —— [X/G]
(6.1.3) lg l ;
Z/G] —— [X/G]

The following result of the the first and third authors [ES21, Corollary 5.2.6] will play a key
role for us:

Proposition 6.1.4. Let E be a truncating invariant and consider the square as in (6.1.3).
Further assume that G is reductive. Then the square

E([x/G]) —— B([X/G])

(6.1.5) lg lf

E([Z/G]) —— E(W/G)),
18 cartesian.

Lemma 6.1.6. Let E be an Al-invariant and truncating'® localizing invariant, let f : U — X be
a T-equivariant open immersion of smooth algebraic spaces such that the complement Z = X —U
18 a simple normal crossings divisor, where T is a split torus. Then there exists a fiber sequence

E([Z/T]) — E(X/T]) & E([U/T])

Proof. First of all, observe that since Z is a divisor in X, the pushforward along the inclusion
defines a map Perf| 1) — Perfx, 1] and induces the first map in the fiber sequence.

By definition, Z is a union of n smooth divisors | J;_; D; that have smooth scheme-theoretic
intersections of expected codimensions. Note that since T is connected, T-D; = D; (it contains
D; and has as many irreducible components D;). We prove the desired claim using induction
on n. If n =1, then the result is the usual localization sequence [TdB20, Theorem 6.1]. Now
set Z; = D; and Zg = U:.:ll D;. Denote by Z3 the intersection Zi N Zs.

From base change formula for quasi-coherent sheaves (and transversality of intersections) we
have a commutative diagram

E([Z,/T)) ———— E(Z/T]) ———— 0

| | |

E([2/T]) ————— E(X/T]) —— E(X~ Z/T))

l l I

E(Z ~ Z1/T]) —— B(X ~ Z1/T]) —— E([X ~ Z/T)).

By induction, we know that the bottom row is a fiber sequence, as well as the middle column.
To show that the middle row is a fiber sequence, it suffices to show that the left column is a
fiber sequence. As above, we will use induction on the amount n of smooth components of Z.

16Although many homotopy invariant theories are in practice nilinvariant and truncating, it is not expected
to be true in general.
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If n =1 then Z = Z; and the claim is clear. In general, using blow-up excision 6.1.4 for the
square

(Z3/T] —— [Z1/T]

l |

[Z2/T) —— [Z/T]
we may rewrite the sequence as a pullback of sequences:

E([Z1/T]) —— E([Z1/T]) —— E(0)

l l |

E([Z3/T]) — E([Z3/T]) —— E(0)

| | [

E([23/T]) —— E([22/T]) —— E([Z2 — Z1/T)).

The top and the middle sequences are fiber sequences since E()) = 0. The bottom sequence is
a fiber sequence by induction. O

In the case of schemes, any Zariski sheaf which is Al-invariant is automatically invariant for
torsors under a vector bundle. This is a bit more subtle in case of stacks.

Lemma 6.1.7. Let E be an A'-invariant and truncating localizing invariant. Let X be an ANS
derived algebraic stack of finite type and let p : V — X be an affine bundle (i.e. a torsor over a
vector bundle). Then the pullback map

E(X) = E(V)
18 an equivalence.

Proof. By Theorem 3.1.28 any X admits an affine Nisnevich cover by stacks of the form
[SpecR/G]. So it suffices to prove the claim for quotient stacks [X/G] where X is separated of
finite type and G is nice. By Theorem 6.1.2 any such quotient stack [X/G] admits an abstract
blow-up square

W/G] —— [X/G]

Lo b
2/G) — [x/C

with Z and W of smaller dimension and X smooth. By [Hoy17, Remark 3.13, Lemma 2.17], the
result is true for smooth quotients; Hoyois’ observation asserts that any A'-invariant Nisnevich
sheaf on Smpq is invariant for affine bundles. So the general claim follows by induction on
dimension of X and Proposition 6.1.4. O

6.2. Proof of Theorem 1.2.2. We are now ready to prove Theorem 1.2.2. For the reader’s
convenience we recall how the theorem is stated:

Theorem 6.2.1. Fiz G a reductive group over a characteristic zero field k and E a truncating
localizing invariant which is also A'-invariant. Let X — BG be representable morphism where
X. Assume that X is ANS and X' — BG is finite type. Then we have an equivalence:

(6.2.2) E(X){, = RMTE(X).

Proof. To start, we note that having a representable morphism X — BG whose restriction to
the classical locus of the domain is finite type implies that X = [X/G] where X is a derived
algebraic space, whose classical locus is finite type over k. We now prove the results in a few
steps.
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(Step 1)

(Step 2)

(6.2.3)

(6.2.4)
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First, we reduce to the case that X is classical and reduced. Because E is
truncating, it is nilinvariant on quotient stacks where the group is embeddable [ES21,
Proposition 5.1.10]. The same comment applies for the right Kan extended theory by
Lemma 4.4.3 since it is cdh excisive on algebraic stacks. Hence we may assume X is
classical and reduced.
We first reduce our claim to the case that G =T a k-split torus. First we note
that for any linear algebraic group G, there is an embedding G — GL,,. In particular,
we have an isomorphism of stacks [X/G] ~ [X x¢ GL,,/GL,]. Denote X x¢ GL,, by X'.
For a Borel subgroup B C GL,, consider the induced map p : [X'/B] — [X'/GL,],
we claim that the the induction and restriction functors induce a retraction diagram

Perf[X//GLn] p—) Perf[X//B] p—*> Perf[X’/GL,J'
Indeed, by the projection formula it suffices to prove that the canonical map
Oxr/aL,) = P«Ox//B)

is an equivalence. It suffices to check that this map is an equivalence after base change
along f : X’ — [X//G]. To check this, consider the Cartesian square

X'x G/B —7 4 X/

1

X'/B] —— [X'/G].

By base change, we get an equivalence f*p.Ox//p) =~ p;f/*O[X//B] ~ Ox/ ®xpa/B+Oa/B;
where pg/p : G/B — Speck is the canonical map. Now Kempf’s theorem [Jan03,
Proposition 4.6(a)] asserts that pg/p.0a/B =~ O, thus we conclude that f*p.Ox/ /g =~
Ox.

We claim that this gives us a diagram of retractions:

E(X'/CLa)),  — B(X'/BDR,,

| | |

RIAFE([X' /GL,]) —— RIAFE(X'/B]) —— RIATE([X'/GL,)).

— E([X//GL,))}:

IeL,

That the top row is a retraction is immediate from the previous paragraph. For the
bottom row: choose a faithful representation of GL,, (concretely, we may choose the
space of n x m-matrices M,,), €. For each v > 1, we set U, to be the open of V(&)®”
where the diagonal action of GL,, is free; note that the quotient stack [U,/GL,] is
schematic and so we simply write it as U, /GL,,. We can also consider U, as a B-scheme
with a free B-action and the same comment applies to the quotient stack [U,/B]. We
consider the diagram, functorial in v:

E([X'/GLy] xpcr, Uy/GLy) —— B(X'/B] xpp Uy /B) —— E([X'/GLy] xpar, Uy/GLy).

The composite is an equivalence from the previous paragraph, hence the limit of compos-
ites is an equivalence. But now a result of Khan and Ravi [KR22, Theorem 3.6], coupled
with [KR21, Theorem 12.27] to ensure that their “lisse-extension” coincides with our
right Kan extension shows that the limit of (6.2.4) is the bottom row of (6.2.3).

Now, observe that the map [X’/T] — [X'/B] is an affine bundle and [X'/B] is ANS
of finite type since it is affine over [X'/GL,] = [X/G]. By Lemma 6.1.7 we have
an equivalence E([X'/B]) ~ E([X'/T]) and by Lemma 5.3.2 we have the horizontal
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equivalences in the commutative diagram

E(X/B])f,,, —— E(X/T)i,

J{ J{ leL,

RIAME([X/B]) —=— RIME([X/T)).

Therefore, combining this observation with Lemma 5.3.2 we reduce to showing the claim
for G = T a split torus.
Assume that the completion theorem holds for all smooth algebraic spaces
of dimension < d then it holds for any quasi-separated finite type algebraic
space of dimension d.

Let X be a quasi-separated algebraic space of dimension d. Consider the comparison
map as a map on the category of étale morphisms over X

E([—/T]){, — RITE([—/T]) : (EET)™ — Spt.

By Nisnevich descent and Theorem 4.3.11 (this uses the quasi-separated assumption on
X), we may assume that X is separated.

By Theorem 6.1.2 a separated algebraic space X admits an equivariant resolution of
singularities map X — X. This yields an abstract blow-up square

[Z/T] —— [X/T]

| |

[2/T] — [X/T],

where Z is the subscheme of singularities and Z is the exceptional divisor. Using the
abstract blow-up excision for E (6.1.4) and the fact that completion commutes with
finite limits we reduce to proving the completion theorem for [Z/T], [Z/T] and [X/T].
The dimensions of Z and Z are less than d and X is smooth, so in all of these cases the
completion theorem is known by assumption.
Assume that the completion theorem holds for all quasi-separated, finite
type algebraic spaces of dimension < d — 1 and that it holds for all smooth
projective schemes of dimension d, then the completion theorem holds for
any quasi-separated algebraic space of dimension d.

By Step 3, it suffices to show the claim for X a smooth algebraic space of dimension
d. Consider the comparison map as a map on the category of T-equivariant étale
morphisms over X

E([—/T])p, = RUATE([—/T]) : (BtRT)™ — Spt.

By Nisnevich descent and Theorem 4.3.11, it suffices to prove the result for X = Spec A,
a smooth affine scheme with a T-action.

Consider a finite dimensional subspace V C A that is invariant under the action of
T and generates A as a k-algebra. This exists because any finite dimensional subspace
of a representation is contained in a finite dimensional representation of T. Therefore,
we have a T-equivariant closed immersion

L X 5 P(V)

The closure of the image of ¢ is a T-equivariant projective variety. Resolving its singu-
larities Theorem 6.1.2 we obtain an equivariant embedding X — X where X is a smooth
projective variety. The complement of Z = X \. X is a simple normal crossings divisor.
Using Lemma 6.1.6 we reduce the completion theorem to the case of Z which has smaller
dimension and the case of X which is a smooth projective, finite type k-scheme. Both
cases are handled by our assumptions.
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(Step 5) Verify the cases for d = 0 and for X a smooth projective k-scheme. This then
follows from the main theorem of [TdB20]; in particular we use [TdB20, Theroem 1.5]
and appeal to [BB73, Hes81] for the fact that any smooth projective k-scheme with a
T-action are T-filtrable.

O

Remark 6.2.5. As pointed out in Examples 3.2.6 and 3.2.7, the above result holds for KH, Lk 1)K
and HP (for Q-linear categories). Since our arguments here bootstrap from the main results of
[TdB20], they equally well apply to the examples discussed in the introduction there.

Remark 6.2.6 (The ANS hypothesis). Our proof reduces the completion theorem for stacks of
the form [X/G] to stacks of the form [X/T]. What allows this to happen is Lemma 5.3.2 on how
completions compare along immersions of groups as well as affine bundle invariance. The latter
is known only to hold for ANS stacks by Lemma 6.1.7. This hypothesis will appear again when
we patch together Theorem 6.2.1 with the Hochschild homology results of the next section. The
authors do not have a counterexample for a more general affine bundle invariance statement
and this is the only bottleneck to generalizing the AS completion theorem for Al-invariant,
localizing invariants.

7. ATIYAH-SEGAL COMPLETION THEOREM FOR HOCHSCHILD INVARIANTS

The goal of this section is to show that in case E is either HH, HC~, HC, or HP the

comparison map

E([X/G)y, — RMTE([X/G))
is an equivalence if X = [X/G] is ANS and satisfies some further (very mild) assumptions. Our
results generalize those of Chen’s [Che20], where the completion theorem is formulated in the
language of loop stacks and formal completions thereof.

Let X be a perfect geometric stack over Q, then HH(Perf(X)) is naturally identified with
derived functions on the loop stack £LoX := Maps(S!, X), defined as the mapping stack from
S to X. As already explained in [Che20], there are at least two natural completions of £oX
that one can look at. On the one hand, we can take completion along the map X — LoX
embedding X into £LX as constant loops. On the other hand, we can consider the unipotent
loops £X := Maps(BG,, X) which itself looks as a completion of LoX at a (in general different)
closed substack of £LpX. Functions on each of the completions produce variants of completed
Hochschild homology. In case that X = [X/G], there is yet a third option: one can complete
HH(X) along the Atiyah-Segal ideal.

For Hochschild homology, the main results of this section clarifies these various completions.

(1) in large generality, functions the completion along constant loops always computes the
right Kan extended theory; Proposition 7.2.15.

(2) in the case that X = [X/G], the Atiyah-Segal completion agrees with functions on the
unipotent completion; Proposition 7.2.26, Remark 7.2.27.

The Atiyah-Segal completion theorem for HH then holds when the completions along unipo-
tent and constant loop agree, as happens for example if G is nice (Theorem 7.3.1) or, under
some nice assumptions, if [X/G] is ANS (see Theorem 7.3.3). We note (see Remark 7.3.2) that
these completions do not agree in general, if we do not assume that G is nice.

7.1. Reminders and complements on formal completions. In this section we recall the
notion of formal completion along a map of derived prestacks. In applications, the prestacks
we consider will not necessarily be of locally of finite presentation over the base; in this context
various definitions of de Rham prestack (and its relative version which by definition is the formal
completion) all differ. The original version of de Rham stack (which we will call “thin de Rham
stack”) was introduced by Simpson and is probably better known. However, without finite
presentation assumptions, as we are forced to in this paper, it is better to work with Lurie’s
absolute de Rham stack ([Lurl8, Definition 18.2.1.1]).
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Definition 7.1.1. Let X € dPStk be a derived prestack.

(1)

The thin de Rham prestack X : CAlgj" — Spc is defined via formula
Xi([R) = DC(WO(R)er).

This is the standard Simpson’s definition of the de Rham prestack.

The (Lurie’s) de Rham prestack Xqr: CAlgi" — Spc (called the “absolute de
Rham prestack” in [Lurl8, Definition 18.2.1.1]) is defined by assigning to any R €
CAlgj" the space

Xar(R) == colIim X(mo(R)/1),

where the colimit runs over the filtered system of ideals I C m(R) that are nilpotent
(meaning I" = 0 for some n). The natural maps R — R/I — 7(R)"? induce maps

X — de — Xdﬁ.

Let f: X — Y be a map of prestacks. The thin derived formal completion of Y
along f is a prestack defined as the fiber product

Y=Y x A
EFr

By construction, for R € CAlg5" we have

95 (R) ~ Y(R) X(mo(R)"™).

X
Y(mo(R)red)
Similarly, we consider the (absolute) derived formal completion, which we define as

Yr =Y X Xar.
Yar

By construction, R-points of H}\ are given by

Y4 (R) ~ colim <H(R) 1j(wox X(WO(R)/I)) .

IC7o(R) (R)/T)

where I runs over nilpotent ideals of mo(R). We have a natural commutative diagram
of maps
/ 97
X \ h > 9
97

where both upper and lower compositions are canonically equivalent to the original map

f: X =Y.

Remark 7.1.2. The formalism of the two de Rham prestacks provides a robust geometric,
functor-of-points approach towards formal completions. Among other advantages, note that it
makes sense to complete along morphisms and not just immersions. To the authors’ knowledge
this viewpoint was first offered by Rozenblyum in his thesis [Roz11, Definition 2.4.5].

Remark 7.1.3 (Completion of a pull-back). Given a commutative square

w22
[
X Y

N
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in PStk such that the corresponding square of classical stacks

Wel 9 2.l

|

xcl f ycl

is a fiber square, there are natural equivalences
Z;&’Zny?, ZQEZX99?
Similarly, given f: X — Y and g: Z — W we have natural equivalences

(Y XW)hy = Y7 x Wy, (Y x W)y = Y5 x Wi

Remark 7.1.4 (Other properties of derived formal completions). (1) Since the R-points of
prestacks X and Xgqr depend only on mo(R), these prestacks are convergent for any
X. Consequently, both H; and H}\ are convergent if Y is.
(2) Thin formal completion Y+ only depends on Y and the map

frcd: xrcd N yrcd

between the corresponding reduced prestacks (meaning prestacks on reduced rings).
Moreover, if £ is an embedding'” (e.g. open or closed embedding), then so is the
map Y7 — Y. In this case the data of a lifting of y € Y(R) to a point in Y7 (R) C Y(R)
is not a “structure” but a property: namely, y belongs to H?(R) if and only if the
restriction ylspec(ro(ryred) lands in X(mo(R)™d) C Y(mo(R)e9).

(3) Similarly, the absolute formal completion %? only depends on Y and the corresponding
map of classical stacks

fCI: xcl — 'Hcl'

If f°'is an embedding, then so is the map 9? — Y. In this case an R-point y € Y(R)
lies in Y} (R) C Y(R) if for some nilpotent ideal I C m(R) the restriction ylspec(ro(r)/1)
lands in X(mo(R)/I) C Y(mo(R)/1).

(4) If X is a derived stack, then so is X ;. Indeed, to check that X g : CAlg®® — Spc has
étale descent it is enough to check that it commutes with products and that given an
étale cover R — R/ the natural map

X (7o (R)™e9) =~ Xi[R) — [l]ilenA X (R®®) ~ xaﬁ(ﬂ-o(R/(@')red)

is an equivalence. This follows form the fact that R ~ mo(R)™? commutes with prod-

ucts, and that the cosimplicial object mo(R/®*)*d is identified with the Cech object for
the map mo(R)"d — 7o (R/)red.
More generally, if we have a map of derived stacks f: X — Y then the thin formal
completion Y f is also a derived stack.
(5) Let f: X — Y be a map of derived stacks and assume we have a presentation

Y= Lét(cgleilm Y:)

as a colimit over some diagram of derived stacks I — PStk. Let X; :=Y; xy X and
consider f;: X; — Y;. Then the natural map

Lét(C‘gleiIm(%)ﬁ) — Y3

is an equivalence. Indeed, we have

97 = Y7 xy Ler(colimyy) = Lee(Y7 xy colim¥Yi) = Les(colim(Y7 xy Yy)) = Let(colim(Yi) )

17Meaning that it (—1)-truncated, or in other words, for any R € CAlg® the map of spaces X(R) — Y(R)
is fully faithfull as a map of co-groupoids (meaning in turn that it is the embedding of a subset of connected
components).
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which gives the inverse identification. Here we used that L& commutes with fiber
products and that colimits in prestacks are universal.

The following example illustrates the potential difference between %? and Y ]ﬁ

Example 7.1.5. Let f: X — Y be a closed embedding of derived affine schemes (so Y :=
Spec A and X := SpecB and f*: A — B is surjective on 7). Let I C my(A) be the kernel of
mo(f*): mo(A) — mo(B).

Following Remark 7.1.4, both Y+ (R) and Y}(R) are embedded in Y(R) = Mapc (A, R);
more precisely, Y7 (R) is given by the subspace of maps A — R that send I C m(A) to the
nil-radical Nil(mo(R)) C mo(R) while Y3 (R) is the space of those maps A — R for which the
image of I C mo(A) generates a nilpotent ideal of R. These subspaces are the same if we assume
that I is finitely generated, but not necessarily otherwise.

Example 7.1.6 (Completion at finitely generated ideal). Let f be as above and assume I C
mo(A) is a finitely generated ideal. Let aq,...,a, € I be a set of generators. In that case,
by the argument in [GR14, Proposition 6.7.4] we have an explicit colimit presentation of the
completion :

Yh o~ ilcol}m OSpec([A/alll] ®a ... @4 [A/alr]) — Spec A,

where [A/a] denotes the pushout A ®z,] Z, where x maps to a in A and 0 in Z.

Remark 7.1.7 (Comparison with Section 5.1). On the level of functions there is compatibility
between formal completion via de Rham prestacks and the completion discussed in Section 5.1
via semiorthogonal decomposition of categories. More precisely, we have
0(Y}p) ~ lm_[A/a}']®a ... ®a [Afal],
% >0

1seestn 2

which is naturally identified with the derived I-adic completion Af* of A as a module over itself
(see Remark 5.1.1).

Example 7.1.8 (Comparison with classical completion). In the case when A is classical and
noetherian, the derived completion also agrees with the classical one: namely, there is a natural
equivalence of prestacks

Y% ~ colim Spec(A/T"),

see [GR14, Proposition 6.8.2]. In particular, for the embedding {0} < A% ~ Spec(Symy(Z®™))
we get

(A7)} ~ colim Spec(Syms™ (Z&™))
where Symy"(Z®™) := Symy (Z®™) /T2 and I is the ideal of {0} € AZ".

7.1.9. Comparing s and Y. The following notion will be useful to identify Y} with Y3 in
some examples:

Definition 7.1.10. A map of classical prestacks f: X — Y is called locally of finite pre-
sentation if for any filtered system {R,} of classical rings with R ~ colim, R, the natural
map

colim X(Rq) — X(R) xy(m) (co}yim‘d(Ra))

«

is an equivalence.

Remark 7.1.11. If Y = SpecR is affine and classical, then f: X — Y is locally of finite
presentation if and only if for any filtered colimit A = colim, A, of classical R-algebras one has

X(A) = co(lxim X(Ay).
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Moreover, a general map of classical prestacks f: X — Y is locally of finite presentation if and
only if all fibers X, := SpecR xy X — SpecR over all points y: SpecR — Y are. Indeed,
assume the latter; we need to show that for any filtered colimit R = colim, R, the natural map

coiim X(Ra) = X(R) xy(r) (co(llim‘d(Ra))

is an equivalence. This is enough to do on all fibers over colim, Y(R,) and then further over
all points of y, € Y(R,) for some . The map on the corresponding fibers is given by
colim X, (Ras) = Xy, (R)

a—a’

where we have put X, := SpecR, xy X.

Remark 7.1.12 (Comparison to [Lurl8]). In [Lurl8, 17.4.1], a notion of locally of finite pre-
sentation is defined where one demands that natural map in Definition 7.1.10 is an equivalence
for a filtered system of derived rings. We caution the reader that these two definitions are
not, in general, equivalent; our notion is clearly weaker and could perhaps be called “locally of
finite presentation on classical rings.” Definition 7.1.10 is the only one that will be used in this
paper. Our weakening is motivated by comparison lemmas between different completions; see
for example Lemma 7.1.15 where the absolute de Rham and thin completions are proved to be
equivalent when the map in question has truncation which is locally of finite presentation as in
Definition 7.1.10.

The following lemma allows to control maps of finite presentation after étale sheafification.

Lemma 7.1.13. Let f: X — Y be a map of classical prestacks which is locally of finite presen-
tation and assume that there exists n > —2 such that for all classical algebras R the fibers of
the map X(R) — Y(R) are n-truncated. Then the induced map

Let(f): Let(x) — Let(%)
1s also locally of finite presentation.

Proof. The same argument as in [Lurl8, Lemma 17.4.3.2] works here (with the simplification
that we only consider classical algebras as the source category for X and Y). O

Example 7.1.14. Let us also give some examples of maps locally of finite presentation:

(1) If f: X — Y is a finitely presented affine morphism (meaning that for any R-point of
Y the classical affine scheme 7¢!(Spec A xy X) is given by the spectrum of a finitely
presented A-algebra B) then it is locally of finite presentation in the sense of Definition
7.1.10. Indeed, this follows from Remark 7.1.11.

(2) Any colimit X := colim X, — Y of maps X, — Y locally of finite presentation is again
locally of finite presentation (this uses the fact that colimits in Spc are universal).

(3) Recall that any classical n-Artin stack X over a classical ring R is obtained as the étale
sheafification of an n-skeletal simplicial diagram X,: A°? — PStk where each X, is a
union of affine schemes (and the boundary maps X; — X, are smooth). If each X; is
a disjoint union of affine schemes that are actually finitely presented over R then by
7.1.13 and above two examples we get that X — SpecR is locally of finite presentation.
Note that since X, is n-skeletal, X = L (|Xs|) as a functor on CAlg® takes values in
n-truncated spaces. Thus, more generally, having a map f: X — Y of classical prestacks
which is representable in n-Artin stacks that are locally of finite presentation, it follows
from Remark 7.1.11 that f is locally of finite presentation.

In particular, if G is a finitely presented smooth affine group scheme over a classical
ring R then BG or, more generally, [X/G] for an algebraic space X of locally finite
presentation over R is again of locally finite presentation over R.

Let us now return to the comparison of thin and absolute formal completions.
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Lemma 7.1.15. Let f: X — Y be a map of derived prestacks such that the underlying map
X — Yl is locally of finite presentation. Then the natural map
Yr = Yr
s an equivalence.
Proof. Let A € CAlgj" be an animated commutative ring. Note that one has an equivalence

(of animated rings)

mo(A)red ~ Ig)rloi&) mo(A)/1,

where the (homotopy) colimit runs over all nilpotent ideals of my(A). Since 7¢'(f): 7°(X) —
7¢(Y) is of finite presentation and both versions of de Rham prestack of a prestack X only
depend on 7°(X), we get that the commutative square

Xar(A) —— X R(A)

| !

Yar(A) —— Y (A)

is a fiber square for any A. From this it follows that the map

H? = 13 XYuir de — 13 X\é,dAR xd’ﬁ =: 13])?

is an equivalence. 0
We finish with two more computations of formal completions which will be needed later.

First, let us note that Example 7.1.5 descends to a computation of the completion of quotient
stacks.

Corollary 7.1.16. Let G be a classical k-algebraic group. Let f: X — Y be a G-equivariant
closed embedding of derived affine k-schemes such that X' — Y is finitely presented. Then
the completion YJAC admits a natural G-action and for the corresponding map of quotient stacks
f/G: [X/G] = [Y/G] there is a natural equivalence

[Y/Glfe =~ [Y7/Gl

Proof. Note that since the map X — Y is finitely presented, by Lemma 7.1.15 we have that
Y% =~ Y¢. Moreover, by Lemma 7.1.13 and Example 7.1.14(3) we have that [X/G]? — [Y/G]9

is also locally finitely presented, so [Y/G]} /a = [Y/G]}/g- Thus it is enough to prove the
statement for thin formal completions. Here, by [BKRS20, Lemma B.1.8] we have an equivalence

[/} = colim®*(X(n)/C]
for a sequence of G-equivariant derived schemes X(n) satisfying
co}lim(X(n) =+ X(n+1) =) ~YF.
The result follows since taking quotient stacks commutes with colimits (in stacks). O

Lemma 7.1.17. Let A € CAlg™ and let I C mo(A) be a finitely generated ideal. Let Spf Af
denote the formal completion of Spec A along the map Spec(mg(A)/I) — SpecA. LetY be a
prestack with a map Y — Spec A and denote by Y{* the pullback

Yy — Y
Spf A —— SpecA.

Then there is an equivalence
o(Yr) =~ 0(Y)¢

where the right-hand is the derived I-completion as an A-module.
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Proof. Fiber product — Xgpeca Spf Al commutes with all colimits since colimits in any oo-
topos, in particular PStk or PStk/Spec A, are universal. Thus the functor Y — O(Y7') sends
colimits to limits; since derived I-completion preserves limits, the same is true for Y — O(Y)7.
Any prestack Y is identified with the colimit colimgpec B—y Spec B, thus by the above we can
reduce to the case Y = SpecB, where we have canonical the identification O(Y(") ~ B{ (see
Remark 7.1.7). O

Remark 7.1.18. Note that in the context of Lemma 7.1.17 we have an isomorphism Y{* ~ Y,
since in this case Spf A{* ~ Spf A{* by Lemma 7.1.15.

7.1.19. Completed vector bundles. Recall that for an animated Q-algebra R we have an equiva-
lence CAlgd* ~ CAlg(D(R)>0), where CAlg denotes the category of E-algebras.

Let X be a prestack over Q. Consider the free Eo-algebra functor Symg, : Dge(X) —
CAlg(Dyc(X)); in the limit presentations

Dy (X) ~ Spelcirl{lﬁxD(R) CAlg(Dye (X)) ~ Spelcig;x CAlg(D(R))

it is given by limgpec R—x Symp where Sympy is the free Eo-algebra functor on D(R). Func-

tor Symg, is naturally N-graded: Symg (F) =~ &2, Symey, (M) ~ @2,(F @0y ... Qo F)s,
e

and promotes to a functor with values in commutative algebras in the N-graded category!'®

Dge(X)N=8" := Fun(N, Dy (X)). Since the subcategory Dge(X)so C Dgc(X) is closed under the

monoidal structure, Sym  also restricts to a functor

Dye ()30 — CAlg(Dge (X)55).
Let n > 0 be a number and also consider the category
De ()10 .= Fun([0, n], Dge (X))
of quasi-coherent sheaves graded by numbers from 0 to n. There is a restriction functor
(=)S™: Dge(X)" 78" = Dge ()11 72"

which has a fully faithful left and right adjoint ¢,,: Dge(X)[%™M=8" € Dy (X)N=8" (with 1, (F); =
F;if 0 <i < nand 1,(F); = 0 for i > n). In fact, Dge(X)[07 78" is a localization of D ()N
with respect to the class of morphisms f such that fib(f); = 0 for ¢ < n. The monoidal structure
on Dye(X)N=8" preserves that class and so induces a monoidal structure on Dg(X)0m=er,
such that the functors (—)S™ and , lift to a strong and lax symmetric monoidal functors
correspondingly. In particular, they induce functors

tnt CAlg(Dge(X)078) S CAlg(Dge (X)N78) :(—)S"

with (—)S™ being the left adjoint to ¢,,. Functor ., is fully-faithful and its image is spanned by
those commutative algebras in D (X)N~8" whose underlying object lies in Dy ()0 —er,

We define Symgz: Dge(X) — CAlg(Dge(X)1%"1=8") as the composition (—)<™ o Symy, . For
a given € € Dy (X) one has:
(7.1.20)  Mapoajgn,, (x)i—sn) (SYmb, (€), tn(A)) = MaDE gD, (x)t0m1-sr) (SYmG ™ (€), A)
for any A € CAlg(Dg.(X)1%"=8"). The same discussion applies to Dqc(X) replaced by Dge(X)so.
Definition 7.1.21. Let X be a prestack over Q and let € € Dq(X)>0 be a connective quasi-
coherent sheaf. We define the corresponding (generalized) vector bundle to be the relative
spectrum

V(&) := Specy (Symg (€)).

For any n € N will also denote by

V;”(é’) = Specx(SymEZ(S))

I8With the monoidal structure given by Day’s convolution: (F® G)n = @it j=nT; @ G;.
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the relative spectrum of the corresponding truncation. Note that V§0(8) ~ Specg, (Ox) ~ X.

Example 7.1.22. In the case € € Perf(X) one can view Vx(€) as the total space of the dual
perfect complex €Y € Perf(X). In general we do not impose any dualizability assumptions on
€ and thus call the corresponding vector bundles “generalized”.

Remark 7.1.23. By the definition of relative spectrum we have an affine map
P V(&) = X

whose fiber over a given point (f: SpecR — X) € X(R) is naturally identified with the derived
affine scheme Spec(Symg(f*€))). Similarly, we have an affine map V;"(E) — X whose fiber
over f: SpecR — X is naturally identified with Spec(SymE"( £*&))). Commutative algebra
maps Symg_ (€) — Symé?(&) induce closed embeddings

Zn: VY™(&) = V(&)
of prestacks over X. The map z: X = V5°(€) — V(&) models the “embedding of the zero
section”.
Definition 7.1.24. The completed (generalized) vector bundle Vx(e) is the absolute
formal completion V(&) of V(&) along the zero section zg: X — V(&).

20

Remark 7.1.25. For any f: SpecA — X and n > 0,
ﬂo(Symin(f*E)) ~ SymfﬁA) mo(f*E).
We have that the kernel I of the natural surjection

mo(Sym§"(£€)) — SymS, mo(F€) =~ mo(A)

is nilpotent (of order n). Consequently, given any f: Spec A — V;"(E), the preimage f~1(I) C
A is also a nilpotent ideal. It follows that the maps z,,: V;"(&) — V(&) all factor uniquely
through the formal completion V().

By the above remark, taking colimit over n, we get a natural map
. < 5
co}lnan"(E) — V(&)
of prestacks over X. Even though this map is not necessarily an isomorphism (see Remark
7.1.27) it is if we consider the source and target as functors on bounded rings:

Proposition 7.1.26. Let X be o convergent prestack and let € € Dgo(X)>0. Assume that for
any f: Spec A — X the mo(A)-module wo(f*E) is finitely generated. Then the natural map

colim™™ V" (€) — Vi (€)
n

is an isomorphism, where colim®™ denotes the colimit in convergent prestacks.
Proof. See Appendix A.1.1. O

Remark 7.1.27. It is not necessarily true that
colim V"™ (€) ~ Vx(€).
n

For example, consider X = SpecQ and & = k[2] € D(Q)>o. Then 7. (Symg(Q[2])) ~ Q[z] and
w*(Symé”(QB])) ~ Q[z]/2"t! with dega = 2. Since m(Symg(Q[2])) ~ Q, the zero section
map is a closed embedding which is an isomorphism on 7, and thus (by Example 7.1.5)

V(&) = Vy(€).

The identity map Symg(Q[2]) M, Symg (Q[2]) gives a Symg(Q[2])-point of \A/x(E); however it
doesn’t factor through colim,, V§"(8) since for any algebra map Symg(Q[2]) — Symé"(@@])
the image of the generator x € m2(Symg(Q[2])) would necessarily be nilpotent, while its image
under the identity map is clearly not.
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7.2. Loop prestacks and their completions. We now discuss Hochschild homology under
its geometric guise of loop prestacks. We will work towards the Atiyah-Segal theorem for
Hochschild homology as formulated in Theorem 7.3.1. For this, it will be necessary to explain
the relationship between various completions of the loop prestack. We note that even if our
stacks are over a field k, for applications to K-theory we are still forced to consider Hochschild
homology of Perf(X) as a Q-linear category.

7.2.1. Hochschild homology as functions on loops. When X is a perfect stack, the Hochschild ho-
mology HH(X/Q) := HH(Perf(X),/Q) relative to Q admits a geometric description as functions
on another stack whose definition we will recall below.

Let S' denotes the constant prestack corresponding to the circle; this is an instance of
Example 3.1.5.

Definition 7.2.2. Let X € dPStkg be a derived prestack.
(1) The free loop prestack LgX is defined as the mapping prestack

LoX := Maps(S*, X).
Since (see Example 3.1.5) one has
S! ~ SpecQ |_| Spec Q € PStkg,
Spec QUSpecQ

the prestack LgX is explicitly described as the fiber product
LQDC ~X x X
AxX

with respect to the diagonal maps Ay : X — X x X.
(2) Restriction along the projection map S' — pt induces an inclusion of constant loops
inside all loops:

Cx: X — L@x.

Remark 7.2.3. Since sheaves are closed under limits, if X is a derived stack, then so is LgX.
Similarly, since convergent prestacks are closed under finite limits, if X is convergent, so is LgX.
Finally, if X is a geometric stack, then so is LgX (see [Che20, Lemma 2.1.12]).

Remark 7.2.4. If X comes with a map to a prestack S, we can also consider the relative version
of the free loop prestack:

,CS:X:ZX X :X:,
:X:sz

that is the mapping prestack from S' to X in the category of prestacks over §. One has a natural
map £LsX — LgX whose composition with LoX — L8 factors naturally through cs: § = £g8,
and it’s not hard to see that in fact

Lgx ~ LQDC XL@S 3.
When 8 = SpecR for some R € CAlgy' we will denote £LsX by LrX.

Recall that a derived stack X is called perfect if it has affine diagonal and the natural functor
Ind(Perf(X)) — Dgc(X) is an equivalence. As explained in [Che20, Example 2.2.20], if X is a
perfect stack then global functions on £LgX compute Hochschild homology of X:

Proposition 7.2.5. For a perfect stack X over Q we have a natural equivalence
HH(X/Q) ~ 0(LgX).

Remark 7.2.6. In the case a perfect stack X is equipped with a map to Spec R one also has
an equivalence

HH(/R) := HH(Perf(X)/R) ~ O(£LrX).
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7.2.7. Formal loops. Our next goal is to give a similar geometric description for the right Kan
extension of Hochschild homology. Following [BZN12, Section 6] and [Che20, Section 2.1] we
recall the following definition.

Definition 7.2.8. Let X € PStkg be a prestack. The formal loop prestack EQDC is defined
as the absolute derived formal completion of LpX along constant loops cx: X — LoX (in the
sense of Definition 7.1.1).

Remark 7.2.9. One can instead consider the thin completion (£LoX)Z2, . However, for a geo-
metric stack this does not make a difference: in this case, by Lemma A.3.7 the natural map
(LX)}, ~ LoX is an isomorphism.

Let us discuss some basic examples of loop prestacks, as well as their completions.

Example 7.2.10. Let S = SpecR be a derived affine scheme over Q.
(1) Let us denote R ® R := R ®g R. By definition, we have

LgS: =S x S~ Spec(R ®rgr R).
SxS

The embedding of constant loops cg: S < LgS corresponds to the multiplication map
R®rer R — R

on the level of functions. Note that this map is an isomorphism on mg; thus, via Example
7.1.5 LgS is already complete along cg; in other words

LoS =5 LS.

(2) Let X — S be a prestack over S; let LrX be the corresponding relative loop stack. By

the above, we have that the map cg: S — (E@S)Cl of the underlying classical stacks is
an isomorphism. Following Remark 7.2.4, we then get that the natural map of classical
stacks

(LR = (LX)

is an isomorphism.

Example 7.2.11 (Loop stacks on BG). Let G be an algebraic group over a field £ D Q, and
let X = BG := [Speck/G] be the corresponding classifying stack. We would like to describe
the relative loop stacks £ (BG) and zk(BG), as well as say something about Lg(BG). Let
S := Speck.

(1) First, we describe £1(BG). By definition, we have

Lk(BG) := BG XBGxsBG BG.

Let us identify BG with the quotient [G/(G xg G)] by the action (hi, ha) o g = highs *.
This gives an identification

Lr(BG) = [(G x5 G)/(G x5 G)],

where the action on the right is given by (hy, h2) o (g1, 92) = (hlglhgl, hlgghgl). The
quotient of G xj, G by the action of {1} x G C G xg G can be identified with G, on
which the remaining action of G x {1} C G x; G is given by conjugation hog = hgh™!.
This gives an identification

L1 (BG) ~ [G/aaG]

as the quotient stack for the adjoint action of G on itself.
Via this identification the inclusion of constant loops cx: X — L;X is given by the
embedding

[e/G]: BG < [G/G]
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where e: S — G is the unit element. By Corollary 7.1.16 the corresponding derived
completion £ X — £ X is given by the embedding

Li(BG) = [G)/G] = [G/G] = £4(BG)

of the quotient of the corresponding formal group by the conjugation of G.
(2) By Example 7.2.10(2) we also get an isomorphism of classical stacks

(Lo(BG))™ = (£x(BG))” =~ [G/G;
the map cgg: BG — Lg(BG) factors through 7 (Lo (BG)) ~ [G/G]. The formal loops

2Q(BG) can be described as the completion of Lg(BG) along BG — [G/G] in its
classical locus.

More generally, for X = [X/G] the difference between EQDC and LgX is controlled by the
difference between Lg(BG) and Lg(BG):

Proposition 7.2.12. Let Q C k be a field. Let X Qe a derived algebraic space endowed with an
action of an algebraic group G, both over k. Then Lo([X/G]) is identified with the fiber product

Lo([X/G)) —— Lo(IX/C])

! |

Lo(BG) ——— Lg(BG).
Proof. This follows from Lemma A.3.8 applied to X = [X/G] and Y = BG. O
7.2.13. Ezxponential map. Recall that for a derived algebraic stack X over Q the suspension

L /q[1] € Dge(X) is connective ([GR17b, Chapter 1, Proposition 7.4.2]). In particular, we can
consider the corresponding generalized vector bundle Vo (Ly /g[1]).

Theorem 7.2.14 ([BZN12, Theorem 1.23]). Let X be a derived geometric stack over Q. Then
there is a natural equivalence

eXPy GX(LX/Q[ID ~ E@x.
Proof. See Appendix A.3.4. O
This leads to the following:
Proposition 7.2.15. Let X be a geometric stack over Q. Then there is a natural equivalence
RIATHH(X/Q) ~ O(LoX).
Proof. Let X be an affine scheme. We have natural equivalences
RIMTHH(X/Q) ~ HH(X/Q) ~ O(£LgX) ~ O(LgX)
where second and third isomorphism are given by Proposition 7.2.5 and Example 7.2.10 cor-
respondingly. It thus suffices to show that the functor X — O(LgX) is right Kan extended

from derived affine schemes. By Theorem 7.2.14 (and Remark A.1.6) we know that O(EQDC) o~
O(Vx(Ly/g[1])) and by Lemma A.1.5 we may compute

O(Va(Lajg[1])) ~ [ [ RT(X, Symiy (Lo [1]))-
i=0
The right-hand side now is right Kan extended from derived affine schemes by Proposition
A.2.1. O

Remark 7.2.16. Following the construction of the isomorphism in Proposition 7.2.15, in the
case X is a perfect stack we can identify the map

HH(X/Q) — R¥THH(X/Q)
with the pull-back map O(LgX) — O(E@X) for the inclusion EQDC — LoX.
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7.2.17. AS-completion HH and unipotent loops. We will now identify the AS-completion of
Hochschild homology. Let G be a reductive algebraic group over a field k. The stack BG is
both geometric and perfect. Following Proposition 7.2.5 and Example 7.2.11 we can identify

HH(BG/k) ~ O([G/G]) ~ O(G)C.

The Dennis trace map Ko(BG) — HHo(BG/k), via the identifications R(G) ~ Ko(BG) and

HH(BG) ~ O(G)Y, is given by the map
tr: R(G) — 9(G)¢,

sending a representation V € Rep'® (G) to the corresponding trace function try : g — tr(g|V) €
0(G)C.

Let us denote by Jg the kernel of the map e*: O(G)® — k given by evaluation at the
unit element e € G(k). Note that its composition with tr is given by the dimension map

dim: R(G) — k; in particular, Ig maps to Jg under tr; this is recorded in the following
diagram of exact sequences

0 0
| |
Ig Ja

!

R(G) = Ko(BG) —%— HH(BG) = O(G)%

dimi J{e*
Z k
|
0 0.

It will be useful to know that completions at either of the ideals coincide. Often, the ideals
coincide on the nose:

Lemma 7.2.18. Let G be a reductive group over a field k of characteristic 0.
(1) If k is algebraically closed the map

tr: R(G) ®z k — 0(G)¢

is an isomorphism.
(2) The map tr is also an isomorphism if G connected and split.
(8) Assume that G° is split and wo(G) is a constant group scheme. Then tr induces an
isomorphism
tr(Ig) - O(G)¢ ~ Jg.

Remark 7.2.19. As will soon be clear from the proof, in general case the main subtlety is in
the potential existence of irreducible representations V of G such that V; is not irreducible (as
a Gg-representation). In this case End(V)® # k- Idy and this is exactly what prevents tr from
being surjective.

Proof. (1) By (the algebraic version of) Peter-Weyl theorem O(G) decomposes G-equivariantly
into the direct sum
O(G) = 69VEIrr(G) End(V)

with G-action on the right given by conjugation; here A € End(V) defines a function fa(g) :=
tr(pyv(g)A). In particular, Idy € End(V) corresponds to the function try (sending g —
trv(pv(g))). We have O(G)® =~ @yern(g) End(V)® and, by Schur’s lemma, we also have
End (V)€ ~ k-Idy, which shows that O(G)® is linearly spanned over k by functions of the form
try (and thus tr is an isomorphism).
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(2) Note that it would be enough to show that tr becomes an isomorphism after base change
to k. Identifying O(G)® ®j k ~ O(Gz)®% and using part (1) it then remains to show that the
natural map R(G) — R(Gy) is an isomorphism. Indeed, for a connected split reductive group G
in characteristic 0, all the irreducible representations are of the form H?(G/B, O())) for a fixed
choice B C G of a Borel subgroup, A running through dominant weights of the maximal torus
T C G and O(\) being the corresponding G-equivariant line bundle over G/B. By base change,
one has H((G/B)z, O()\)) ~ H°(G/B, O(\)) ®y, k, which shows that basis of irreducibles for G
in R(G) maps identically to the basis of irreducibles for Gy.

(3) Let us first consider the case G = my(G); so G here is a finite, constant group. Let
k[G] denote the regular representation; the element [k[G]] — |G| € R(G) lies in Ig. Note
that O(G)¢ ~ EConi(S) i the ring of k-valued functions on the set of conjugacy classes on
G. The function tr([k[G]] — |G]) = tryq —|G| € O(G)“ is 0 on {e} but equal to —|G| on
any other conjugacy class; in particular it generates Jg (which is the zero ideal of the subset
{e} C Conj(G) ~ Spec O(G)%). Consequently, tr(Ig) - O(G)® ~ Jg as desired.

In general, the projection G — 7(G) induces a commutative diagram

Spec R(Q)y, +—%—— Spec O(G)<

Spec R(mo(G))x éfEL—speCO(w0«3»Wo“” —~— Conj(m(G)).

Our claim amounts to saying that the pullback along tr of Ig i agrees with Jg. The affine
scheme Spec O(G)“ splits as disjoint union of fibers over points of Conj(m(G)) and since J,(q)
maps inside Jg under ¢* we see that Jg is supported on the preimage of {e} € Conj(mo(G)).
Since I (q),r maps inside Ig x under p* and the pullback of I (q),x under trz, is J,(q) we get
that tr* Ig 5 is supported on the fiber over {e} as well. Thus we only need to check if tr* Ig
agrees with Jg on the fiber over the conjugacy class of e.

There we have a commutative diagram

R(G)k @R(mo(c)) k — O(G) R (ro(G))70(@ K

| !

R(G*) 0(G*)”

where the vertical maps are induced by the commutative (in fact fiber) square

BG° —I 4 BG

| b

{x} —— Bmo(G)

upon applying Ko(—)x and HH(—) correspondingly. The map f: BG® — BG is a my(G)-torsor,
in particular it is finite étale. So the push-forward f, (in terms of representations given by
the induction Indgo) restricts to a functor Perf(BG°) — Perf(BG) giving “transfer” maps
R(G°) — R(G)y and O(G°)S” — O(G)S after taking Ko and HH respectively.

By projection formula the composition

Perf(BG) EAN Perf(BG®) ELN Perf(BG)

is given by tensoring with f.f*Opg, which then can also be identified with p*¢.O¢.; via base
change. In the language of representations the latter object is the group algebra k[my(G)]
considered as a representation of G.

We claim that f* induces an isomorphism R(G)r @x(r,(q)) k = R(GO)ZO(G). The endofunctor
J«f* induces on R(G)x @x(xy(c)) k multiplication on p*(k[G]) € R(G). This is equivalent to
multiplication by |G| in the above tensor product. Since k is of characteristic zero, the vector



ON FILTERED ALGEBRAIC K-THEORY OF STACKS I: CHARACTERISTIC ZERO 49

space R(G)r @r(ro(q)) k splits off R(G°),. We further claim that, we can identify its image in
R(G)y, exactly with mo(G)-invariants.

First, the image of f* lies in the subgroup of invariants fR(GO)ZO(G) C R(G)g. Indeed, the
action of G by conjugation on G° induces an action of G on BG® whose restriction to G° is trivial.
This action induces a non-trivial actions of mo(G) = G/G° on Ko(BG) ~ R(G). Since the action
of G on BG is trivial, given any V € R(G) its pull-back f*V € R(G) is mo(G)-invariant.

Next, we claim that any element in the group of invariants fR(GO)ZO(G)
of f*: indeed,

also lies in the image

O\ ]‘ o
R(G )ko(G) ~ @ Z g |- RGOy,
g€™O(G)

while for any G°-representation V, one has f*f,V ~ ResSe (IndS. (V)) ~ Bgemy(ay VI (where
V¢ denotes the pull-back of V via the outer automorphism of G° induced by g). Therefore, we
see that the class of f*f,V in R(G®) is given by dewo(c) g - [V], and so the claim is proved.
Applying the same argument with Ko(—)x replaced with HH(—) we get that
O(G) o (my(aymote k= (0(G) )™ ~ 0(G*)©

(which is also more or less obvious to see directly).
Summarizing, we get a commutative diagram

R(G)k @ (mo(c)) b — O(G)F D (o (q)ymot@ k
r )
R(GO)ZO(G) (O(GO)GO)‘IT()(G)

Now by part (2), the low horizontal map is an isomorphism, thus so is the top horizontal one.
It follows that Ig ® k& maps isomorphically to Jg ® k, as we wanted. 0

We now deduce the result for a general reductive group G.
Proposition 7.2.20. Let G be a reductive group over k. For n > 0 we also have
noctr(lg) - O(G)C  Je.
Consequently, given a prestack X — BG, the AS-completion HH(DC)IAG coincides with Jg-adic
completion of HH(X) as a HH(BG)-module.

Proof. Let as before G° be the connected component of e and m(G) be the “group of connected
components”; the latter is a finite étale group scheme. We have a short exact sequence

1-G° =G —=m(G) = 1

We will split the argument in two steps. First we discuss the case when the AS-ideal generates
Jg on the nose. Now, for a general reductive G, there is a Galois extension £/k such that part
(3) of Lemma 7.2.18 applies to the base change Gy (considered as a group scheme over ¢). To
get back to G we can look at the commutative diagram

R(G) —2 O(G)C

| |

R(Cy) —24 O(Gy)Cr.

Note that O(G,)%¢ ~ O(G)® ®; £ and that Jg, ~ Jg ® £. Thus, J& C try(Ig) - O(G)€ if and
only if J&, C trp(Ig) - O(Gg)%. But, by Corollary 5.4.4 we have I, C Ig - R(Gy) for n > 0
and by Lemma 7.2.18 it follows that

T, = trp(I8,) - O(G) % C tri(Ia) - O(Ge) .
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We next would like to interpret the ideal Jg (as well as the Jg-adic completion) more
geometrically.

Definition 7.2.21. Let G be a reductive group over k and denote by G //G := Spec O(G)¢ the
GIT quotient (by conjugation). We have a point [¢] € (G//G)(k) corresponding to e*: O(G)¢ —
k and a map G — G//G corresponding to the embedding O(G)¢ C O(G). We define the locus
of unipotent elements Uni(G) C G as the (a priori derived) fiber product

Uni(G) —— G

! !

] — G/G.

Remark 7.2.22. The above definition diverges in general from the classical notion of “unipo-
tent cone of G” (which is typically considered in the case of algebraically closed field). Namely,
our Uni(G) might in general neither be reduced nor classical. However, we will be interested in
the completion of G along Uni(G); the latter construction only depends on the reduced locus
Uni(G)*d. Moreover, since over k the ring of G-invariants O(G)® is generated by functions
of the form try, the k-points Uni(G)(k) are given exactly by group elements g € G(k) whose
characteristic polynomial in any G-representation V is the same as for the identity element

e € G(k); these are exactly the unipotent elements in G(k) .

Example 7.2.23. (1) Let G be abelian (and reductive). Then O(G)¢ ~ O(G) and the
map G — G//G is the identity map, so Uni(G) is given by the unit element e € G.
(2) Let G be nice. Then we claim that the map {e} — Uni(G)™ is an isomorphism. Indeed,
we have a short exact sequence

1-G° =G5 m(G)—1

where G° is a torus (in particular abelian). It is enough to check the statement after
base change to k, in particular we can assume that mo(G) is constant. We have a
commutative diagram

G ——— m(G)

lﬂ—G lﬂ—ﬂo(G)

GG —— 7o(G) 7o (G) «—— Conj(mo(G))

from which one sees that Uni(G) = 5" ([e]) C G is in fact a subscheme of p~*(e) ~ G°.
More precisely, it is identified with the spectrum of O(G°) ®¢(geymo(@ k as a O(G°)-
algebra. Since the defining ideal I. C O(G°®) of e € G° is my(G)-invariant, by Hilbert’s
theorem in invariant theory it is true that, up to taking radicals, I. generated by
elements in O(G°)™(%); in other words

VI = (0[Go) @)
Thus O(G®) ®(ge)ra( k is a nilpotent extension of &, or, in other words, Uni(G)
{e}.

We now will describe the AS-completion of HH(X/Q) as functions on the completion along
a certain substack of a loop stack. Below let us denote by G/,; C G the formal completion of
G along Uni(G).

red __

Construction 7.2.24 (Unipotent loops). Recall the identification 7°(LoBG) ~ [G/G] (see
Example 7.2.11). Let (LgBG)uni denote the completion of LoBG along the composition

[Uni(G)/G] = [G/G] =~ 7°(LoBG) — LoBC.
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More generally, for a prestack X — BG over BG let (LgX)uni be the fiber product

(LQx)uni —_— L@DC

| |

(LQBG)uni E— LQBG.

Note that HH(BG/Q) is connective. Indeed, Perf(BG) splits into direct sum of copies of
Vect (k) indexed by irreducible representations of G, and so HH(BG/Q) ~ ®v, errr(cyHH(k/Q).
Thus we can consider the derived affine scheme Spec HH(BG/Q). Moreover, since HHy(k/Q) ~
k, we also see that HHo(BG/Q) ~ HHy(BG/k) ~ O(G)®. We denote by Spf(HH(BG/Q){,)
the derived completion of Spec HH(BG/Q) with respect to the (finitely generated) Atiyah—Segal
ideal I C HHy(BG/Q).

Lemma 7.2.25. There is a natural fiber square

(LgBG)yni ——— > LBG

| |

Spf(HH(BG/Q){,) — Spec(HH(BG/Q)).

Proof. By definition, the top arrow is the completion of LoBG along the embedding [Uni(G)/G] —
[G/G] into the classical locus. By definition of Uni(G) (and isomorphism HHo(BG/Q) ~ O(G)%)
the latter map fits into a fiber square

[Uni(G)/G] (G/G]

| |

Spec(HHo(BG/Q)/Ja) —— Spec(HHo(BG/Q)).

Thus, by Remark 7.1.3 we get that there is a fiber square for formal completions

(£gBG)um ————— LgBG

| |

Spf(HH(BG/Q)}) —— Spec(HH(BG/Q)).

Now, by Proposition 7.2.20, Spf(HH(BG/Q)r,,) =~ Spf(HH(BG/Q)},), and the statement of
the lemma follows. U

As a consequence we get the following:
Proposition 7.2.26. Let X be a perfect stack endowed with a map X — BG. Then
HH(:X:/Q){\G = O((LQx)uni)-

Proof. From Lemma 7.2.25 and the definition of (LgX)uni We get a fiber square

(LX) uni LoX

| l

Spf(HH(BG/Q)1,,) — Spec(HH(BG/Q)).

By Proposition 7.2.5, using that X is perfect, we have a natural identification O(LqgX) =~
HH(X/Q). By Lemma 7.1.17, we then have that O((£gX)uni) = HH(X){,,, as desired.
[l
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Remark 7.2.27. In [Che20, Proposition 2.1.25] Chen discusses that'? the stack (£X)un; (de-
fined as above) is an instance of the unipotent loop stack as defined by Ben-Zvi-Nadler ([BZN12,
Definition 6.1]). In other words he identifies (£LX),n; with the following mapping stack

(LX) uni ~ Maps(BG,, X).
The embedding (£LX)uni — £X in these terms is induced by the natural affinization map

S! — BG, (see Appendix A.3 for a short reminder on the latter). The key computation in his
argument is the identification

Maps(BG,, BG) ~ [GGni(G)/G],
and then one deduces a result for X = [X/G] via a “unipotent analogue” of Lemma A.3.8.
7.3. AS completion theorem for HH. Let G be a reductive group over a field k of charac-
teristic 0 and let X — BG be a representable map of derived stacks; in other words X = [X/G]
where X is a derived algebraic space. The closed embeddings e < Uni(G) < G induce maps
of quotients [e/G] — [Uni(G)/G] — [G/G]. Identifying [G/G] ~ 7°!(£LoBG) and completing
LoBG along these closed substacks gives inclusions

LoBG — (£gBG)uni — LoBG
(see Example 7.2.11(2) and Construction 7.2.24). Pulling back along LgX — LgBG gives

LoX = (LX) uni — LoX

(see Proposition 7.2.12 and Construction 7.2.24). In the case X = [X/G] is perfect and geometric
(e.g. if it is quasi-compact and ANS), we then get the natural maps

HH(X/Q) — HH{,, (X/Q) — R*“THH(X/Q)

passing to global functions. Atiyah-Segal theorem, if true, tells that the second map is an
equivalence. Even though this is not true in general (Remark 7.3.2), it is true if we assume G
to be nice.

Theorem 7.3.1. Let X = [X/G] where X is a quasi-compact derived algebraic space and G is
a nice algebraic group. Then the natural map
HH(X/Q)f, — (R™THH)(X/Q)

s an equivalence.
Proof. Recall that by our convention any derived algebraic space has affine diagonal, so X is
ANS. Since X is also quasi-compact it follows that it is perfect (see Example 3.1.33). Thus, it
is enough to show that

LoX = (LoX)uni-
Since G is nice, by Example 7.2.23(2), Uni(G)™? ~ {e}. From this it follows that the correspond-
ing completions LoBG — (LgBG)uni, and consequently LoX — (LgX)uni, are isomorphic. [
Remark 7.3.2. If G is reductive but not necessarily nice, neither the map

EQX — (LQTX:)unh
nor the induced map on global functions need to be isomorphisms in general.

(1) >;)} C SLy over Q and consider X = [X/G] for X :=

SLs /G, with the action of G = SLg by left translations. Note that X ~ [(SL2/G,,)/SL2] ~ BG,.
By Example 7.2.11 we can identify

LoX ~ [Ga/Ga] ~ G, x BG, and LoX ~ G, x BG,,

As a concrete example, let G, = {(

with @; being the completion of G, at 0.

19Stlrictly speaking, in his situation k is algebraically closed and X — BG is representable in derived schemes.
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On the other hand, note that G, C Uni(G), so the composite map LoX — [G/G] = G/G
factors though [e] € G/G. Tt follows that all loops in X are unipotent:

(LaX)uni = LoX Xaya (GJG)jy = LoXi x = LoX.
We get that the map EQDC — (LX)uni is explicitly described by the natural embedding
G, x BG, C G, x BG,.
Passing to global functions on both sides we then also get

RUTHH(X/Q) ~ Qlla]@Q[«]][-1],  while HH(X/Q)f, ~ 0(G, xBGa) =~ Qz]®Q[z][~1].

This illustrates that the AS-completion in general is weaker than the one given by RIAf,

For further applications to K-theory we will need a slight variant of Theorem 7.3.1.

Theorem 7.3.3. Let X = [X/G] — BG be a representable morphism from an ANS stack X.
Assume that X' — BG is of finite type. Then the comparison map

HH(X/Q)f, — (RYTHH)(X/Q)
s an equivalence.

Proof. Again, it is enough to show that the map EQDC — (LgX)uni is an isomorphism. Note that
(LX)t ~ J(X) (the inertia stack). We have a natural map f: J(X) — J(BG) ~ [G/G] and
an affine projection p: J(X°!) — X°!. Note that by [Stacks, Tag 04XS] p is locally of finite type.
By construction and Proposition 7.2.12, the two loop stacks in question are the completions of
LoX along the two closed substacks in the classical locus J(X!) given by preimages f~!([{e}/G])
and f~!([Uni(G)/G]) correspondingly. Note that by our assumption X itself is also of finite
type over the field k. Consequently, there is a simplicial (classical) affine scheme of finite type
Z. such that X ~ L (|Zs|) € Stk. By Remark 7.1.4(5) it is enough to show that for any
i the completion along substacks f~1([{e}/G]) and f~!([Uni(G)/G]) agree after we pull-back
further along q;: J(X) xya Z; — I(X). Both (f o ¢;)~*([{e}/G]) and (f o ¢;)~*([Uni(G)/G])
are some closed subschemes of the finite type affine scheme J(X!) x ya1 Z; and to check that the
corresponding completions agree it’s enough to check that the reduced parts of all fibers over k-
points of Z; coincide. Let 2 € Z;(k) and let 2 € X! be its image; then the fiber J(X') X o {2} is
identified with the stabilizer G, := Autqa ({z}). Moreover, the projection to I(BG) ~ [G/G] is
identified with the natural compostion G, — G — [G/G]. Note that since X is ANS the group
G, is a nice k-group scheme. The two closed subschemes in question are then identified with
the preimage of [{e}/G] and [Uni(G)/G] correspondingly; they are given by the unit {e} € G,
and zeros of the ideal Jg - O(G,) C O(G,) correspondingly. By the change-of-groups lemma
for AS-ideals (Lemma 5.3.2) and Proposition 7.2.20 we get Jg - O(G,) agrees with Jg, up to
passing to radicals. By Example 7.2.23, using that G, is nice, we then get that the reduced
loci of the fibers over {z} are the same, which concludes the proof. O

7.4. Cyclic homology. HH(€/Q) admits a canonical action of S' which leads to the three
other localizing invariants:

negative cyclic homology: HC~(€/Q) := HH(G/Q)hSl;
periodic cyclic homology: HP(€/Q) := HH(€/Q)'S";
cyclic homology: HC(C/Q) := HH(C/Q)pgs:-

We observe that Theorem 7.3.1 also implies the AS completion theorem for all the above
versions of cyclic homology.
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Corollary 7.4.1. Let G be a reductive group over a field of characteristic 0. Let X = [X/G] —
BG be a representable morphism from an ANS stack X, and assume that X' — BG is of finite
type. Then the maps

HC™(X/Q)f, — RYTHC™ (X/Q)
HP(X/Q)f, — R*THP(X/Q)
HC(X/Q)f, — RIATHC(X/Q)
are all equivalences.

Proof. Recall that there is a fiber sequence
HC - HC™ — HP

of functors, so to prove the claim it suffices to prove it for HC™ and for HP. The map in
Theorem 7.3.3 is S'-equivariant by construction, and so induces an equivalence of S'-equivariant
k-modules. Applying S'-fixed points commutes both with right Kan extension and completion,
this gives the claim for HC~. The result for HP follows from Theorem 1.2.2 (recall that HP is
Al-invariant [GW89, Theorem 4.1(iii)] and is truncating [Goo85b, Theorem 1V.2.1]). O

8. ATIYAH-SEGAL COMPLETION THEOREM FOR K-THEORY

We finally arrive at a proof of our main results. We begin by extending the relationship
between K-theory, homotopy K-theory and negative cyclic homology to the case of derived
algebraic stacks.

8.1. Relations between K-theory, homotopy K-theory and negative cyclic homology
of stacks. Recall that we are working in characteristic zero; to simplify matters we simply set
k = Q. One of the main tools in accessing the algebraic K-theory of non-smooth schemes
in characteristic zero is the Goodwillie Jones chern character K — HC™(—/Q) which
refines the Dennis trace map along the map HC~(—/Q) — HH(—/Q). This map fits as the top
horizontal arrow of the following square, natural in gcgs schemes:

K(X) — HC™ (X/Q)

(8.1.1) J l

KH(X) —— Lean HC™(X/Q)%.

The bottom horizontal map is the cdh-sheafification of the top horizontal map and the
square itself is cartesian; these results are highly non-obvious. They encode three “miracles”
on algebraic K-theory: 1) that KH satisfies cdh descent [Cis13], 2) that LqnK is Al-invariant
[KST17] and that 3) the fiber of the chern character K — HC~(—/Q) is a cdh sheaf, a result
due to Cortifias [Cn98]. We note that 1) and 2) in characteristic zero is one of the key results in
Haesemeyer’s thesis [Hae04], which gives the first hints that 1) and 2) can hold in very general
settings.

In the next proposition, we extend (8.1.1) to certain derived algebraic stacks. As we have
avoided speaking of the cdh topology on derived algebraic stacks, we will make use of the
following definition instead; see also [EM23, Lemma 5.7].

Definition 8.1.2. Define the localizing invariant L.q, HC ™ (—/Q) to be the pushout of functors
LcanHC™ (—/Q) := colim (HC™ (—/Q) + K — KH) : CatP" — Spt.

Noting that pushouts commute with fibre sequences, the pushout above can be taken pointwise
in the co-category Fun(Cat%erf, Spt).

Proposition 8.1.3. The following hold for L.aqnHC™ (—/Q):
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(1) on qcqs derived k-schemes, LeanHC™ (—/Q) agrees with the cdh-sheafification of HC™ (—/Q);

(2) on a k-smooth algebraic stack X, the map HC™(X/Q) — LeanHC™(X/Q) is an equiva-
lence;

(8) LeanHC™ (—/Q) is a localizing invariant, is truncating and, in particular, nilinvariant;

(4) on ANS algebraic k-stacks, LeanHC™ (—/Q) is cdh-excisive.

Proof. (1) This follows from the fact that (8.1.1) is a pushout as well on the category of
qcgs derived k-schemes.

(2) By construction, it suffices to prove that if X is a smooth algebraic k-stack, then K(X) ~
KH(X). In this case, we just need to prove that K(X) ~ K(X x A™) for all n > 0. There
is a map K(X x A") — G(X x A") induced by the functor of stable oco-categories
Perf(X x A") — Coh(X x A"™). As explained in [Kha22, 3.5], G(X x A") ~ G(X) for any
noetherian derived Artin stack, hence it suffices to prove that the functor Perf(XxA"™) —
Coh(X'x A") is an equivalence. By flat descent for both Perf and Coh, the functor agrees
since they agree on smooth k-schemes.

(3) By construction we have a fiber sequence

fib (K - HC™(—/Q)) — KH — Lcq HC™ (—/Q).

Since KH is truncating [LT19, Proposition 3.14], the result then follows from the fact
that the fibre is truncating by Goodwillie’s theorem [Goo86].
(4) By [ES21, Corollary 5.2.6], both fib (K — HC™(—/k)) and KH are cdh-excisive since
they are truncating. This implies that L.qy, HC™ (—/Q) is as well.
U

Remark 8.1.4. We note that some aspects of Proposition 8.1.3 holds more generally. On the
oo-category of derived algebraic stacks, we can also define L.q, TC of stacks via the pushout
of TC <~ K — KH and the analogs of Proposition 8.1.3 will also hold; here we use a version
of (8.1.1) that holds for qeqs schemes and involves TC [EM23, Theorem 3.8]. We also note
that, as one can see from the proof, the agreement between HC~(X/Q) and LqqyHC™ (X/Q)
holds for stacks which are K-regular: those that satisfy K(X x A") ~ K(X) for all » > 0.
However, it is not clear how to prove the next corollary without resolution of singularities. In
particular, it establishes an Atiyah-Segal completion theorem for a truncating invariant which
is not Al-invariant.

Corollary 8.1.5. Fix G a reductive group over a characteristic zero field k. Let X — BG be
representable morphism where X is derived algebraic stack, such that the morphism X' — BG
is finite type. Assume further that X is ANS. Then the canonical map

Lea HC™ (X/Q)1,, — R, HC™ (—/Q)(X)
is an equivalence.

Proof. Since both functors are cdh-excisive (by Proposition 8.1.3 for the domain and Lemma 4.4.3
for the target) we can reduce to the case of X a smooth, ANS k-stack by an inductive argument
similar to the proof of Theorem 1.2.2. In this case, Proposition 8.1.3(3) (resp. Lemma 8.1.7)
shows that LeqnHC™(X/Q) ~ HC™(X/Q) (resp. RIFL 4, HC™(X/Q) ~ HC~(X/Q)). There-
fore, the result follows from the analogous statement for HC™(—/Q) in place of L.y HC™ (—/Q),
which is Corollary 7.4.1.

O

Remark 8.1.6 (Corollary 8.1.5 without resolution of singularities). It might be possible to
prove Corollary 8.1.5 without resolution of singularities; such a proof method will surely estab-
lish an analogous result for L.q, TC in mixed and positive characteristics. A possible strategy
is to develop seriously the cdh topology on algebraic stacks, prove a hypercompleteness result
just as in [EHIK20] and characterize the points of such a topology. The role of valuation rings
in a stacky situation should be played by the root stacks. A hint that this is true is given by
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the valuative criterion for proper maps of tame stacks, recently established by Bresciani and
Vistoli [BV24].

We have used the following lemma in Corollary 8.1.5.
Lemma 8.1.7. Let X be a k-smooth, algebraic stack. Then we have a canonical equivalence
RMTHC™(X/Q) — RMIL g, HC™ (—/Q)(X).

Proof. We first claim that any étale surjection of algebraic stacks f :Y — X is of universal de-
scent for R 4, HC~(—/Q). Using Proposition 4.2.2, it suffices to prove that Leqn HC™(—/Q)
satisfies étale descent for classical commutative rings (since it is nilinvariant); by Proposi-
tion 8.1.3 this is computed by cdh-sheafifying HC™(—/Q) and then restricting to affine schemes.
To see this we can appeal to [EM23, Theorem A.3|, applying it to the HKR filtration on
HC~ (—/Q) [EM23, Theorem 4.2]. Note that we can reduce to the quasisyntomic case for
Le.anHC™ (—/Q) by resolution of singularities. Alternatively, we know that the fibre of the map
HC™ (—/Q) — LeanHC™ (—/Q) is the fibre of K — KH by (8.1.1). The fibre of K — KH then
satisfies étale descent by a theorem of van der Kallen [vdK86].

Now, since X is a smooth algebraic k-stack, it admits an étale surjection Spec R — X where
R is a smooth k-algebra. Since any étale surjection is of universal HC~ (—/Q)-descent it suffices
to note that HC™(X/Q) ~ LeanHC™ (X/Q) on smooth k-schemes?!. O

8.2. Proof of Theorem 8.2.1. Now we are ready to prove our main theorem. We restate it
for the reader’s convenience.

Theorem 8.2.1. Fix G a reductive group over a characteristic zero field k. Let X — BG be
representable morphism where X is derived algebraic stack, such that the morphism X — BG
is finite type. Assume further that X is ANS. Then we have an equivalence:

(8.2.2) K(X)f, ~ R¥IK (),
where the limit is taken across all morphisms from an derived affine scheme to X.

Proof. First, take the right Kan extension of the square (8.1.1) to obtain the cartesian square
on derived algebraic stacks over Q:

RdAffK RdAfch—(_/Q)

| |

RIMTKH —— RIATL 4, HC™(—/Q)

We have a comparison map of cartesian squares

K(X)f, — HC™(X/Q)g, RIAFK () —— RIATHC—(X/Q)

jtel

| L= |

KH(X)f,, —— LeanHC™ (X/Q)1, RIMFKH(X) —— RIAFL 4, HC(X/Q).

We remark that the cartesian-ness of the left-hand-side is by Definition 8.1.2.
It thus suffices to prove that the map on the bottom left, bottom right and top right ver-
tices are equivalences. This follows from Theorem 1.2.2, Corollary 8.1.5 and Corollary 7.4.1

respectively.
O

21The argument of the first paragraph of [CHSWO08, Theorem 3.12] applies, using resolution of singularities.
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8.3. A counterexample. Let R € CAlgf" be an animated Q-algebra and denote by BG, r :=
BG, x SpecR. Let Q[¢] := Q[z]/x2. By HH (resp. HC™) below we mean Hochschild homology
(resp. mnegative cyclic homology) relative to Q. Our goal in this section is to show that AS-
completion theorem for BG, g (viewed as a stack over BSLy, as in Remark 7.3.2) does not hold.
Our argument will rely on Levy’s generalization of Dundas—Goodwillie-McCarthy theorem for
(—1)-connective rings [Lev22] and the identification of S'-equivariant structure on HH(BG,,).

1. Note that BG, g is an affine stack in the sense of Toén, corepresented by the algebra
Symg(2Q) (see [Toé06, Définition 2.2.4 and Lemma 2.2.5]). In particular, Dq.(BGq,g) is gen-
erated under colimits and shifts by the structure sheaf O, and Endpes(ng, o) =~ Symg(22Q)
(see [Lurll, Proposition 4.5.2]). Since by [HR15, Theorem A(1)] perfect complexes over BG, g
compactly generate Dy.(BG, g), this induces an equivalence of categories

Perf(BG,,q) ~ Perf(Symg(22Q)),
and a further S'-equivariant identification
HH(BGy,g) ~ HH(Symg(QQ)) = (Symg(QQ)®% =~ Symg (QQ[S']),

where Q[S'] is the regular S'-representation (given by singular homology C5"8(S!,Q)). Note
that H*(Symg(QQ[S'])) ~ Q[z] & QQ[z] and that Symg(QQ[S']) is an S'-equivariant module
over Q[z] (with the trivial S'-action on the latter).

Let pt = BG4, — pt be the natural maps; they split HH(BG, o) as

HH(BG(LQ) ~Q® ﬁ(BGmQ).

We have a natural S'-equivariant map QQ[S'] = Symg(QQ[S']) ~ HH(BG,,qg); it’s easy to see
(looking at what this map does on cohomology) that the map

Q[r] ® QQ[S'] — HH(BG,q)

extended via Q[z]-module structure is an isomorphism onto HH(BG,, g). To summarize, we get
an S'-equivariant identification

HH(BGa,) ~ Q@ (2Q[z] ® Q[S"),
where the actions on Q and Q[z] are trivial. Taking S!-fixed points then yields an identification
HC™ (BG.q) ~ HC™(Q) & QQla]
where HC™(Q) =~ C%,,,(BS', Q). Here recall that S'-fixed points of V @ Q[S'] are given by V
for any S'-module V.
2. By [BZFN10, Theorem 1.2(1)] we have Perf(BG, r) ~ Perf(BG, g) ® Perf(R); this gives
(again, S'-equivariant) splitting as
HH(BG,,r) ~ HH(BG,,g) ® HH(R) ~ HH(R) & (QHH(R)[z] ® Q[S"]) .
Taking S'-fixed points gives
HC™ (BG,r) = HC™ (R) ® QHH(R)[z].
3. Recall from Remark 7.3.2 that we have RATHH(BG, o) ~ Q[[z]] ® QQ[[z]]. Moreover,
the natural map HH(G, g) — RMTHH(G, g) can be identified with the map
Q[z] ® QQ[z] — Q[[z]] ® QQ[[z]]
sending = to #. The S!-module R“fHH(G, o) is a module over its 0-th cohomology Q[[z]] (on
which the action is trivial) and, arguing as for HH(G, o), we get an S'-equivariant decomposition
RIATHH(BG,,0) ~ Q @ (QQ[[z]] ® Q[S']) .

Passing to S!-fixed points (and commuting them through the right Kan extension) we get

RIMHC™(BG, o) ~ HC™(Q) @ QQ|[z]).
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4. Analogously, for RIATHH(BG, r) we get an S'-equivariant splitting as
RUATHH(BG, ) ~ HH(R) & (QHH(R) o] © Q[S"]) :

indeed, left hand side is given by functions on the formal loop stack of BG, r. Arguing as in
Example 7.2.11(2), the classical locus of LBG, g is identified with G, g X BG,,g x Specmy(R),
with constant loops given by {e} x BG, g x Spec mo(R). This allows to identify RIATHH(BG, r)
with the z-adic completion of HH(R), giving the formula above. Applying S!-fixed points gives
a formula for negative cyclic homology

RMTHC™ (BG, r) ~ HC™ (R) ® QHH(R)[[z]].

5. Following Remark 7.3.2 we view BG, g as the quotient (of the general affine space SL2/G,)
by SLy. We also have a map BG, g — BGq,g — BSL2. As discussed in loc.cit. the image of
the AS-ideal Is, C Ko(BSLz) in HHo(BG,,g) (and, consequently, HHo(BG, gf)) is zero.

6. To pass to K-theory, consider the commutative diagram

K<BGG‘1Q[€])f\SL2 R HC_(B(Gra’Q[E])f;L2 R RdAHHC_ (BGa,Q[e])

! | l

K(BGQ’Q) e HC_(BGa,Q)f\SL2 e RdAHHC_(BGa’Q).

A
Ist,
It follows from [Lev22, Theorem B] that the functor

€ — Fib (K(Perf(BG,) ® €) — HC™ (Perf(BG,) ® €))

is a truncating localizing invariant. Hence by [LT19, Corollary 3.6] it is also nilinvariant. Hence,
the left square in the diagram is a pullback square. If the AS completion theorem were true in
this case, then the outer rectangle would be a pullback as well, by Proposition 4.4.3 applied to
Fib(K — HC™). By the pasting law for pullbacks, this means that the right square would be a
pullback. However, it follows from the computations above that that commutative square may
be identified with the square

HC™ (Q[e]) © QHH(Q[e])[z] —— HC™ (Q[e]) ® QHH(Q[e]) [[]]

l |

HC~(Q)  QHH(Q)[r] ——— HC—(Q) & QHH(Q)|[«]]

which is not pullback. This follows, for example, by noting that the homotopy groups of the
left vertical fibre is countable while the ones on the right are the uncountable.

9. APPLICATIONS

In this application section, we offer two consequences of our main theorem. One application
reads the theorem from right to left and the other from left to right.

9.1. Functorial pushforwards. For this application, we fix a field k of charateristic zero,
although some of the preliminary discussion works more generally. We begin by recalling some
functoriality of the formation of perfect complexes. We first work in the generality of perfect
derived stacks; given a morphism f : X — Y we have the pullback functor f* : Dge(Y) — Dge(X).
This functor preserves perfect complexes and thus defines a functor f* : Perf(X) — Perf(Y). If
f is furthermore representbale, proper, laft and is of finite tor-amplitude then the right adjoint
preserves perfect complexes producing the functor

fu : Perf(X) — Perf(Y).

We might as well define a morphism f : X — Y of perfect derived stacks to be quasiperfect f,
preserves perfect complexes; this class of morphisms evidently includes those which are repre-
sentable, proper, laft and is of finite tor-amplitude. Fixing a base prestack X, we contemplate
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the following oco-category of spans
Corr(dAlgStkgCCqs’perf, all, quasiperfect),

whose objects are representable morphisms Y — X where the domain is a perfect derived stack

and morphisms are spans
Z
% N
Y Y,

where f is any representable morphism and g is a quasiperfect and representable. For a precise
construction of this co-category see [Barl7].

Construction 9.1.1. Let X be perfect stack. As explained by Barwick in [Barl7, Example
D], using the base change explained in [Lurl8, Proposition 6.3.4.1] the formation of perfect
complexes assembles into a functor

Perf : Corr(dAlgStkI® P all quasiperfect) — Cat2™ (Perf(X)).
Postcomposing with the functor of algebraic K-theory we get
K o Perf : Corr(dAlgStk%CqS’perf, all, quasiperfect) — CatP (Perf(X)),
with a coherent pushforward functoriality.
Now, we work with X = BG, where G is a reductive group in characteristic zero.
Lemma 9.1.2. There is a natural factorization:
Modk Ba)
(9.1.3) T forget

Corr(dAlgStk%Céls’perf, all, quasiperfect) —<°Prty gpt.
Proof. After the factorization explained in (3.2.4), the only thing to verify is that for any
quasiperfect map f : X — Y the pushforward map f. : K(X) — K(Y) is a K(BG)-module
map. This boils down to the projection formula, which is a consequence of the fact that f
is schematic and quasicompact (since it is a BG-morphism between two representable derived
algebraic stacks which are assumed to be qc) and thus the projection formula holds by [GR17b,
Chapter 3, Lemma 3.2.4]. O

By the functoriality of completion of modules along ideals explained in Section 5.1 Lemma 9.1.2
gives us a functor:

(). 0 K o Perf : Corr(dAIStRE™", all, quasiperfect) — Modiac 2% Spt.

Now, replacing dAlgStkgeéf with the smaller, full subcategory, ANS]CBHCE7 ANS-stacks equipped
with a map to BG such that X! — BG is finite type, our main theorem identifying RIAFK
with the Atiyah-Segal completion of K-theory shows that

Theorem 9.1.4 (Pushforward structure). The functor
RIATK : (ANSSE )P s Spt,
admits a canonical extension along the faithful functor ANSCB% — Corr(ANS]%lg, all, quasiperfect):
RIAFK . Corr(ANSgg, all, quasiperfect) — Spt,

such that, on dSchi® N ANSSE © ANSSE (the subcategory of those X — BG where X is a qcgs
derived scheme), the pushforward functoriality agrees with the one induced by pushforward of
perfect complezes.
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We remark that Theorem 9.1.4 makes no reference to the Atiyah-Segal ideal or the Atiyah-
Segal completion. It produces a coherent transfer structure on the right Kan-extended K-theory
for a large class of derived stacks. As emphasized throughout the text, the right Kan extended
theory does not have any a priori to extend to a localizing invariant or something close to it.
Without identifying it with the completion of a localizing invariant, such a coherent transfer
structure would be very difficult to produce.

9.2. Motivic filtrations. In this section we answer the question of how to endow the K-theory
of a derived stacks in characteristic zero with a motivic filtration.

9.2.1. Motivic filtrations on derived algebraic spaces. We refer to [Bou24, KS24] for general
accounts of the motivic filtration in mixed characteristic situations and Appendix C for a
record of its extension to derived algebraic spaces. Since we work over Q, we only need to refer
to the motivic filrations of [EM23]. We define a motivic filtration on derived algebraic stacks
over (Q-as follows.

Construction 9.2.2. On the category of derived algebraic stacks over Q, we define Fil? K
as the following pullback in CAlg(FilSpt)-valued presheaves (where the terms on the right are
given the constant filtration):

Fil* K —— RIAMR* K

mot mot

(9.2.3) l l

K ———— RIAK,
Since the motivic filtration on algebraic spaces is N-indexed, we have equivalences:

colim Fil}, K = Fil’ . = K;

in other words the filtration is exhaustive. Taking graded pieces gives us the following candidate:

Definition 9.2.4. Let X be a derived algebraic stack over Q. We define its motivic coho-
mology in weight j as
Z(5)™N(X) = grpmer K(X0)[-24].

In other words, it is given by the right Kan extension of motivic cohomology from derived
algebraic spaces.

We can justify that Definition 9.2.4 is a good definition at least for certain ANS stacks, due
to our main theorem. More precisely the motivic cohomology of X are the graded pieces of
a certain non-complete filtration on the K-theory of X whose completion coincides with the
Atiyah-Segal completion. To formulate this theorem we recall how completion along a filtration
is defined. Let FilJ K := cofib(Fil>/, K — K) so that we have an inverse system

mot mot
K— - Fil/ K - FilS/ 'K — - FilSL K — 0.

The motivic completed K-theory of a derived algebraic stack X is set to be

K(X)A,, := lim Fil/ K(X).
J

mot

The next lemma shows that motivic completion of K-theory is equivalent to the right Kan
extended theory:

Lemma 9.2.5. Let X be a Q-derived algebraic stack such that X can be written as a colimit in
Nisnevich sheaves: X ~ colim™* X, where X,, is a derived algebraic space for which Fil¥, K (X,)
are completed filtrations. Then there is a canonical equivalence

K(X)A . — RIMK(X).
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Proof. By construction, we have a commutative diagram

K(X) ————— K(X))\

mot

! |

RIMK(X) —— lim; RIATFILS K(X).

mot

By construction, the right vertical map is an equivalence. We claim that, under the stated
hypotheses, the bottom horizontal map is an equivalence. Indeed,

RIAMTK (X0) lim K(X,)

12

2

~ limlimFil/ K(X,)
J

mot
«

~ limlimFil/ K(X,)

mot
J

lim RIATFiIS K (X),
J

mot

12

where we have used the hypothesis on the X, ’s for the second equivalence.
O

Theorem 9.2.6. Fiz G a reductive group over a characteristic zero field k. Let X — BG be
representable morphism where X is derived algebraic stack, such that the morphism X — BG
1s finite type. Assume further that X is ANS. Then we have canonical equivalences:

(9.2.7) K(X)f,, = K(X),

mot*

Proof. After Lemma 9.2.5, it is enough to prove that such a X can be written as a Nisnevich col-
imit of derived algebraic spaces whose motivic filtration is complete. Indeed, by Theorem B.0.1
we may assume that X admits a Nisnevich surjection from a derived algebraic space whose
classical locus is finite type over k. Hence, the result follows from Theorem C.0.1.(3). O

APPENDIX A. GEOMETRIC VERSION OF HKR ISOMORPHISM (AFTER BEN-ZVI-NADLER)

The goal of this appendix is to prove Theorem A.3.4 (originally due to Ben-Zvi and Nadler),
as well as fill in some technical details that were left out from Section 7.

A.1. Completions of vector bundles. The following result is Proposition 7.1.26 in the main
text, whose proof we now supply.

Proposition A.1.1. Let X be a convergent derived prestack over Q and let € € Dgo(X)>0.
Assume that for any f: SpecR — X the mo(R)-module mo(f*(&)) is finitely generated. Then
the natural map

colim®™VE" (&) = Vo (€),
n
where colim®™ denotes the colimit in convergent prestacks, is an equivalence.

Remark A.1.2. In formulation above we implicitly used the following fact: if Y — X is an
affine map of prestacks and X is convergent, then Y is convergent. In particular, V(&) and
V5" (&) are convergent, if X is.

Proof. By Remark 3.1.6 it is enough to show that the map induces an equivalence on R-points
forall R € CAlgan’[O’oo). Fixing R, this is enough to do check the equivalence on fibres over X(R).
Fixing a point f: SpecR — X and looking at the description of fibers of (colimfloanfc”(E))(R)
and (Vx(€))(R) over it, we reduce to the affine case X = Spec R with & given by the connective
module M := f*€ € D(R)>o.

By our assumption on & there is a map R®™ — M inducing a surjection on 7. It induces a
closed embedding

VpeeR(M) = Vgpeer(R™) ~ SpecR x A™.
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Moreover, if we take preimage of 0 under the resulting projection Vgpecr(M) — A™, the clas-
sical locus (Vgpecr(M) Xan {0 — VspeCR(M)Cl is exactly identified with the zero section
Spec mo(R) = Vspeer(M)“!. Thus, by Example 7.1.5, §SpecR(M) agrees with derived comple-
tion of Vgpeer(M) along Vgpecr(M) xan {0}. By Remark 7.1.3 and Example 7.1.8 we get an
equivalence

i\/'SpecR(l\/I) = VSpec R(M) X Am (Am)()\ = CO}LiIH Spec(symé"((@‘@m) ®Sme(Q@m) SymR(M))
We will show that for each s > 0 the pro-systems

{7<s(SymG"(Q®™) @symggom) Symp (M) hnen  and  {7<s(Symg" (M) }nen

are equivalent; since we are only interested in values on the truncated algebras this will give
the claim.

The map from the left to the right is induced by scalar multiplication, and to construct the
inverse it will be enough to show that the map

T<s Symp (M) — Tgs(Symé"(Qeam) OSymg (Qem) Sympg (M))

naturally factors through 7« SymﬁN(M) for N > 0. Note that by (7.1.20), given an N-graded
animated R-algebra B* such that B"™ ~ 0 for m > N, there is a natural equivalence of spaces
of graded algebra maps

Map,, (Symf (V), B*) = Map,, (Symg " (V), B*);

in other words, any graded R-algebra map Symy; (V) — B canonically factors through SymﬁN (V).
Since the map above is naturally a graded map it remains to show that the N-th graded com-
ponent of

T<s(Symg" (Q®™) @syms (gem) Symp (M) = m<s (Symy " (R®™) ®symg, (rem) Symi (M))

is 0 for N > n.
Considering the cofiber of R®™ — M we get a fiber sequence

R®¥™ - M — M'[1]
for some connective R-module M’. This endows M with increasing 2-step filtration Fo(M)
(Fi(M) = 0 for i < 0, Fo(M) := R®™ and F;(M) = M for i > 0), which induces an increasing
filtration on Sympg (M) as Symp (R®™)-module. By [Lurl8, Construction 25.2.5.4] its associated
graded is given by the tensor product
Symg (R®"™) ®r Symy, (M'[1])
with the filtration degree given by the degree on Sym’ (M’[1]). By [Lurl8, Proposition 25.2.4.1],

Sym’y (M’[1]) is i-connective, thus the filtration above is exhaustive. As a result, after tensoring
with Symg" (R®™) over Symj (R®™) we get an exhaustive filtration on Symﬁk(Ream)@symﬁ(R@m)

Symp (M) as graded Symy" (R®™ )-algebra with the associated graded Symy" (R®™)@rSymp (M[1])

(and with the grading given by total grading). Since Sympg(M’[1]) is i-connective, we get that
for a given s > 0 the N-th graded component of TgS(SymE"(R@m) ®r Sympg (M'[1])) is 0 for
N > 0 (more precisely N > n — s). Using long exact sequences of homotopy groups to pass
back from the associated graded to the original object (or, equivalently, using the corresponding
spectral sequence) we get that the same is true for the truncation

T<s(Symy" (R®™) @syume (rem) Symp (M)).

Remark A.1.3. From the proof it also follows that the natural map
V(&) = V(&)
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to the thin formal completion along the zero section is an isomorphism. Indeed, it is enough to

check this after pulling back to every Spec R — X, where it reduces to the fact that the map
(A™)g — (A")g

is an isomorphism (e.g. by Lemma 7.1.15).

The next results are meant to assuage the reader of the worry that colimits in convergent
derived prestacks could be destructive. The embedding dPStk““" — dPStk has a left adjoint
which we denote Y — Y. Via the identifications dPStk“™ ~ Fun(CAlgl®>®), Spc), dPStk ~
Fun(CAlg®, Spc) this functor is calculated by restricting Y: CAlg™ — Spc to CAlgl®>) ¢
CAlg.

As noted in [GR17a, Chapter 3, 1.2.5] it is not true that the pull-back functor

Dae(¥) = Dae(9°™)
induced by the unit map Y — Y™ is an equivalence. Nevertheless, we note that this is true

for the full subcategories spanned by bounded below objects.

Lemma A.1.4. For any prestack Y the natural map Y — Y induces an equivalence

De(Y*°™) > —o0 2 Dae(¥) > oo
Furthermore, it induces an equivalence
0(9*™) = 0(Y).
Proof. Following [GR17a, Chapter 2, Section 1.3] let us denote by 7S™(Y) € dPStk the left Kan
extension of the restriction Y a0, (t0 n-truncated algebras) along the embedding CAlglonl ¢

CAlg*. For any prestack Y we claim that the natural map Y — colim, 7S"(Y) induces an
equivalence

Dge(¥)> oo = ch(conggn(y)B—oo

Note that Dgc(Y)>—o00 = colimy, Dqc(¥)>—rn and Dge(Y)>—n = Dgc(Y)>0 via the shift [n], so it
is enough to show that
Dae(Y)20 2 Dae(colim 75" (4)) 2o,

Since both sides send colimits to limits in the Y-variable, it is enough to check this for
Y = SpecR. In this case 7S"(SpecR) is represented by Spec T<nR and we need to prove that
the functor
D(R)>0 — lim D(7<,(R))>0

sending M to {M ®g 7<»(R)}» is an equivalence. Note that D(A) is left ¢-complete for any
A € CAlg®, and so D(A)zo =~ limy,>0 D(A)[o,, (With map induced by truncations {7<,}).
We then have

lim D(Tgn(RD;O ~ lim D(Tgn(R))[O,m] ~ lim D(T<n<R>)[0n]

n=0 n,m>=0 n>=0
Moreover, the corresponding functors D(R)>o — D(7<n(R))[0,) are given by the truncations
M — Tgn(M RRr TgnR) ~ TgnM

where the right equivalence holds since the fiber of the map R — 7, R is (n+1)-connective. This
way (under the equivalence D(R)jo.n] =~ D(7<nR)[0,n] induced by 7<,) the functor D(R)>o —
lim,, >0 D(7<n(R))[0,n) can be identified with the left ¢-completion functor

D(R)zo =~ }ng(l) D(R)(0,n)-

It is an equivalence by left t-completeness of D(R). Finally, for any n > 0 we have 7S"(Y) ~
TS (Yeonv) (since the restrictions of Y and Y°v to CAlg<> canonically agree) and so

Dae(¥™) > —00 =~ Dge(¥)> oo
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The equivalence for O(—) is proved similarly, by using that for Y = Spec R one has

R ~ lim ¢, R.

n=0

O

Corollary A.1.5. Let X be a prestack over Q. Let €& € Dqc(X)>0 and assume that for any
f: SpecR — X the mo(R)-module mo(f*(€)) is finitely generated. Then the map colim,, VS™(€) —

V(&) induces natural equivalences
O(V(£)) =~ O(colim V"(£)) ~ [T (X, Symi (€))).
i=0
Proof. Functor Y — Y™ commutes with colimits and so
(colim V;"(S))Conv ~ colimconVV§"(8)
n n
By Lemma A.1.4 we then get

O(colim®™ V5" (€)) =~ O(colim V5" (€)),

and the first isomorphism follows from Proposition A.1.1. Since Y — O(Y) € D(Q) sends
colimits to limits we also get

(o)
O(colim V™ (€)) ~ lim O(VE"(€)) ~ lim(&}T'(X, Sym{ (€))) ~ [ [ T(X, Sym{(€))).
i=0
O
Remark A.1.6. Let X be a derived algebraic stack over an affine derived scheme S. Then for
any f: SpecR — X the mo(R)-module 7o (f*Ly/s[1]) is finitely generated. Indeed, by [Stacks,

Tag 03C4] we can check finite generatedness flat locally. Let p: U — X be a smooth cover by a
0-Artin stack U and let

Y/ N SpecR

ool
U—L—x
be the fiber product; since X is algebraic Z is a derived algebraic space. We have a fiber sequence

9" Ly/x — g"p" Ly s[1] = g"Ly/s(1]

where Ly /g is connective (since U is 0-Artin) and Ly is a finite locally free sheaf on U (by
smoothness of p). Thus we get a surjection

mo(9 Lyyx) = mo(9"p Laxys(1]) = mo(q" f L /s[1])
where 7o(g* Ly /x) is locally finite free, which shows that mo(q* f*Lx/s[1]) is locally finite.

Lemma A.1.7 (Nakayama lemma). Let X be a prestack. Let & € Dqc(X)>0 and assume that

for any f: SpecR — X the mo(R)-module mo(f*(€)) is finitely generated. Let zx: X — i\/'x(ﬁ)
be the zero section map. Then the pull-back functor

Z: Dae(V(€)) <o — Dae(X) <oo

is conservative.
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Proof. Assume F € ch(ixfx((‘:))«x) is such that 233 ~ 0 but F % 0. Then there exists a
map f: SpecR — V(&) such that f*F 2 0. Note that f factors®? through the natural map
f: Vspeer(f*€) = V(&) and thus f*F is also non-zero. Since we have a commutative diagram

i\/vSpecR(f*g') 4]0) i\IDC(E)

ZSpec RT sz

SpecR ol Ly

it will be enough to show the statement of the lemma for X = Spec R and a connective R-module
M := f*E.
By Proposition A.1.1 and Lemma A.1.4 we have an equivalence

Dge(VspeeR(M)) > —0o = }g% DqC(ngpnecR(M))>—oo = }g%D(Symlin(M))>—oo

and so given a non-zero ¥ € ch(i/'\specR(M))>_O<> the pull-back z}F € D(Synf11§”(M))>_Oo is
also non-zero for some n > 0 (here z,: V§;;CR(M) — Vgpecr(M) is the natural map). To

arrive at a contradiction we need to show that z5F ~ 2§ . gJ is also non-zero.
Note that Symé"(M) as a module over itself has a finite filtration by Symgj_i’"} M) C

Symy" (M) for 0 < i < n, such that Symy" (M)-action on the associated graded factors through
the projection to the 0-th graded component Symli"(M) — R. This gives a finite filtration on
2z, F with associated graded terms of the form 2§ .. gF ®r Symg (M), from which we see that if
Z5pec T 18 zero then so should be 23 5.

O

A.2. Descent for cotangent complex. Below we will also need a descent statement for the
exterior powers of the cotangent complex.

Proposition A.2.1. Let X be a derived geometric stack over an affine derived scheme S. Then
for any n the natural map

(A.2.2) Symo, (Lays[t]) = lim 2. Symp, (Lr/s[1])
with T € dAffg is an equivalence.

Proof. Note that the functor (z: SpecR — X) +— x. Symg_(Ly/g[1]) from dAff/x to Dy (X)

satisfies étale and, consequently, smooth descent. Indeed, having an étale cover f: TV — T we

have Ly =~ 0, so f*Ls /s ~ Lt /g and, more generally, f* Symg, (Lr/s[1]) ~ Symg_, (L s[1]).
Then for the corresponding Cech cover f,: T, — T the map

Symg,, (Lr/s[1]) — [l]iglA fox Symg_, (L s[1]) =~ [l]iglA foxfo Symg, (L s[1])

is an equivalence by flat descent for quasi-coherent sheaves.
It is easy to see that if X is 0-Artin the map in (A.2.2) is an equivalence: namely, if X = 1, U;
with s;: U; — X being the embedding of a connected component, we have

Symi. (Lacss[1]) = [ [(s0)« Sym,, (Lu, s[1)-
For general X, the right hand side of (A.2.2) is the value on the final object of the right Kan
extension along dAff ,y C I*"‘un(dAﬂ?(;g’C7 Spc) of the functor (z: T — X) = x, Symg,.(Lp/s[1]).

By smooth descent we can replace the final object by the geometric realization of the Cech

22Tndeed, i\/spcc r(f*€) is identified with the fiber product SpecR X i/\x(S) where the map SpecR — X is
given by composition of f with the projection py: Vx(€) — X and where Vx(€) — X is the same projection.
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nerve ¢o: Uy — X of some smooth cover Uy := U — X by a 0-Artin stack U. It then remains
to show that the map

Symg, (La/s(1]) — [}]iglA Gox Symyg,, (Lu, /s[1])

is an equivalence. This can be done as in [KP22, Proposition 1.1.5] replacing A™ with Sym" in
the proof. 0

A.3. Formal loops. Let R € CAlgd" be a base connective ring. For a (not necessarily con-
nective) derived commutative R-algebra C € DAlgg let SpecC € dPStkg denote the functor
corepresented by C:
(Spec C)(A) := Mapsgpgan (C, A)
for A € CAlgy'. For any prestack X € dPStkgr one has a natural “affinization map”
ax: X — Spec O(X),

and any map to a derived affine scheme from X factors through sy. If X = K is the constant
R-prestack given by a homotopy type K € Spc, then

O(K) ~ liII(n O(SpecR) =~ liénk ~ C%,. (K, R),

sing

thus we get a map
ax : K — Spec(Cg,. (K, R)).

In the case K ~ S! and Q C R one can further identify®® ([BZN12, Lemma 3.13])
Spec(Cline (SY,R)) =~ BG, r

sing
Construction A.3.1. Let S := SpecR and assume that R is a Q-algebra. For an affine derived
S-scheme T = Spec A the affinization map

il — BGa’R
induces an equivalence

- 1 ~
LT := Maps/s(i, T) ~ Maps/S(BGaR, T).

Following?* [BZN12, Proposition 4.4] we can further identify
MapS/S(BGa, T) =~ Vr(Ly/s[1]) := Spec(Sym, (L/s[1])).

This gives a derived version of Hochshild-Kostant-Rosenberg isomorphism?°:

(A.3.2) Vo (Ly/s[1]) = LgT.

Let now X be a geometric stack over S. Let z: T = Spec A — X be a map from an affine
derived scheme. For each n and m we consider a composition

V%m(LT/SUD — VT(]LT/S[l]) ~ LT — LgX ﬂ) X,

where p: LgX = X Xxx.x X = X. Since X is geometric, its diagonal is affine, and thus so is
p, as well as the whole composition above. The direct image of the structure sheaf under it is

identified with (). Symg;n(LT ss[1]). Taking a limit over all 2 we get a natural map of algebras

in Dy (X)

Ox = p.Ogx = lim . Sym5T (Los[1]),

23The reason is that the splitting C:ing(Sl, R) ~ R @ R[-1] as R-modules induces an equivalence
Symg R[—1] >~ C;’“mg(Sl7 R), if R is a Q-algebra. Then one computes MaPSCAlgaR" (Symg R[—1],A) >~ Q°°(A[1]) ~
(BGa)(A).

24More precisely, identifying C;‘ing(Sl7 R) € CAlg with the split square zero extension R @ R[—1], they use
obstruction theory in terms of cotangent complex.
25Both sides are derived affine schemes and after passing to global functions one gets an isomorphism

HH(A) ~ Sym} (La[1]) ~ ®; (A4 La)[i].
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where T in the limit runs over all derived affine schemes over X. Recall that the natural map
<m . <m
Syms . (Lays[1]) = i, (@), Sym§" (Lays[1])

is an equivalence by Proposition A.2.1.
This way, for each m we get a natural map

P«Ocgx — Symg?(Lx/s[l]),
which, by passing to Specy(—) and taking colimit over m, gives a map

colimV§™ (Ly[1]) = LsX;

note that here we again used that X is geometric to identify LsX ~ Specq (p.Ox).
Since LgX is convergent (Remark 7.2.3) this map factors through the similar colimit in
convergent prestacks, giving a map

(A.3.3) expy: Voo (Lo s1]) = colim ™™ V5™ (L s [1]) = £sX

with the first identification provided by Proposition A.1.1 and Remark A.1.6.

The pre-composition of expy with the zero section z: X — i\/'x(]Lx ss[1]) is naturally identified
with the embedding of constant loops cx: X — LgX. This gives a factorization®® of (A.3.3)
through the formal completion st, producing a map

€XPr i\/x(Lx/S[l]) — ZSZ)C.
The goal of this subsection is to prove the following:

Theorem A.3.4. Let X be a derived geometric stack over a derived affine Q-scheme S. Then
the map N R

expy: Vac(Ly/s[1]) = L£sX
18 an equivalence.

Proof. Prestacks Vo (L /s[1]) and LsX are completions of derived algebraic stacks LsX and
Vi (Lx/s[1]) and so admit corepresentable deformation theory in the sense of [GR17b, Chapter
1, Definition 7.1.2] (see also [GR17b, Chapter 1, Proposition 7.4.2] and Remark A.3.5).

Following Ben-Zvi-Nadler ([BZN12, Section 6.3.2]), the key computation is that the relative
cotangent complex

Loxpy = L wy sy /2o

vanishes. Let us explain how this vanishing implies the statement of the theorem. By Re-
mark 7.1.4(1) both sides are convergent stacks, so it is enough to show that exp, induces an
equivalence on R-points for bounded R.

Recall the description of the formal completion in Remark 7.1.4(3). For a nilpotent ideal
I C m(R) denote Fir C i\fx(]Lx/S[l])(R) the subspace given by those R-points which send
Spec(mo(R)/I) to X — Vx(Lx,g[1]). Similarly, let Gir C zSJC(R) be the subspace given by
R-points which send Spec(mo(R)/I) to X < LgX. By the Definition 7.1.1 of (absolute) formal
completion the natural maps of spaces

1'F)—>v]L 1)(R), (1’(;)%29611
(colim Fun) — ValLaslD®),  ( colim Gun) — LX(R)

are equivalences. Thus it would be enough to show that the natural map Fig — Gig is
an equivalence for all nilpotent ideals I C m(R) and bounded rings R. By the argument in
[GR17b, Chapter 1, Proposition 5.5.3], any such R is obtained from mo(R)/I via a finite amount
of square-zero extensions:

R=R,—>Ry_1—... > Ro=mR)/L

26More precisely, completion of V%m(]Lx[l]) at the zero section does nothing, so completing both V;m(]Lx 1n
and £X along X gives a natural map V;m(]l‘x[l]) — L£X for any m.
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We will argue by induction on ¢ in R;. For i = 0 we have a diagram of isomorphisms

(8

N A

X(Ro)

Fir, Gir,

Then, assuming the map Frr, — Gir, is an equivalence we need to show that so is F1 r
Gir
map

i4+1 —
By deformation theory [GR17b, Chapter 1, Lemma 10.2.6], the fiber of the natural

i1t

Fir,, = Fig,

over an R;-point s: SpecR; — ?x(Lx/s[l]) (sending Spec(m(R)/I) < SpecR; to X) is given
by the space of nil-homotopies of the composition

*

s*LL — ILASpecRi/S — jl[]‘}

Vi (L s[1])
where the second map is the one defining the square-zero extension R;1; — R; (see [GR17b,
Chapter 1, Section 5.1], J; is the “ideal” of the square-zero extension). Similarly, the fibers of
GLRi s er’

Now, given a point s € Frr, C Vx(Lx[1])(R;) we have a fiber sequence

— Gi,r, are described in terms of the cotangent complex of L.

(expy OS)*LZSX — S*L\A’X(Lx/s[l]) — 8" Lexp, -

Since the third term vanishes, by the above we get that exp, induces an isomorphism between
the fiber of F1r,,, over s € F1r, and the fiber of Gy r,,, over expy os € G g, correspondingly.
Since this is true for any s € Fy gr,, we get that

€XPy: FLR'H—I - GLR1+1

is an equivalence.
It remains to show that Lexp, =~ 0. By Lemma A.1.7 it is enough to show this after restricting

to the zero section zy: X — Vi (L /s[1]), which is equivalent to
expy : CSC]LESJC/DC — Z§Lﬁx(mx/s[1])/x
being a quasi-isomorphism (here we consider relative cotangent complexes with respect to pro-
jections gx: V(L /s[1]) = X and px: LgX — X).
Let z: T — X be a map where T is a derived affine scheme and let ¢y : X — LgX and
cr: T — LgT denote the embeddings of constant loops. We have a commutative diagram

LsX < oot

CDCTJ/PDC CTTJ/FT
X+—=2—T
which induces a natural map
L(x)": cxLggx/x — TectLogr -

By the argument of [BZN12, Lemma 6.7] ¢} Lz x/x is naturally identified with Ly ,g[1], further
identifying the map above with the pull-back map

]L’DC/S [1] — x*LT/S [1]

Similarly, we have a commutative square

vx(LX/s[l]) m ‘AZT(LT/S[”)

] |ox o] for

X+———T
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where i\f(x) is induced by the map Ly/g[1] = 2*LLy /s[1]. It induces the corresponding map

V(@)*: 2xLg, oy = T2l wopy

which via Remark A.3.6 can also be naturally identified with the pull-back map
IL’DC/S[]-] — x*LT/S[l]

Finally, we also have a commutative square

vx(Lx/s[l]) — ‘A/'T(LT/S[”)

expx | |exer

LsX ¢ LgT

lying under and above X <— T. Recall that essentially by construction, expr is an equivalence.
Together with the maps above, and taking a limit over all z: T — X we get a commutative
square

lim £(z)*

cxLlicgx/x Ileigx(ﬂi*C%LLsT/T)
exp*&J{ llim expr

W limvx(x)* . €

2Ly (L sl /x S (@e2tlg, o)

where the right vertical arrow is an isomorphism since expy is. Moreover, by the above discus-
sion both horizontal arrows are identified with the natural map

L 1 li « L 1],
x/sl] = o T 1/s(1]
which is an equivalence by Proposition A.2.1. Thus exp% is also an equivalence. O

Remark A.3.5. Let f: X — Y be a map of convergent derived prestacks and assume that Y
admits corepresentable deformation theory in the sense of [GR17b, Chapter 1, Definition 7.1.2].
Then the derived completion ‘é}\ also admits corepresentable deformation theory. Indeed, ‘é}\
is also convergent, and the conditions on admitting cotangent complex ([GR17b, Chapter 1,
Definitions 4.1.4]) and being infinitesimally cohesive ([GR17b, Chapter 1, Definition 6.1.2])
reduce to the ones for Y. Moreover, the relative cotangent complex L% sy for the natural map
H;} — Y is 0; in particular, '
[ Lyy > fLy
(since the cofiber of this map is given by f*Ly?/y).

Remark A.3.6. Let X be a derived prestack admitting a cotangent complex, let £ € Dc(X)>0
and consider the corresponding vector bundle Vi (€), with the zero section and projection maps
z: X — Vy(€) and p: Vy(€) — X. We claim that there is a natural identification

Z*va(g)/x ~ €.
Indeed, for any map s: SpecR — X and any M € D(R)> the space of maps Spec(R & M) —
V(&) extending s is identified with the space of R-algebra maps Sympg(s*€) — R & M which
commute with the natural projections to R on both sides. By the universal property of Sympg
the latter is naturally identified with Homg(s*€, M), and so z*Ly, ¢y and € corepresent the

same functor. By Remark A.3.5 we also get a formula for the relative cotangent complex of the
formal completion

Z*H‘@x(s)/x ~ €.
Lemma A.3.7. Let X be a derived algebraic stack over an affine Q-scheme S. Let ZSI)C and

L§X be the absolute and thin formal completions of the relative loop stack LsX along constant
loops. Then the natural map

LsX — L5X
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is an isomorphism.

Proof. This follows from Lemma 7.1.15. Indeed, by [Stacks, tag 04XS] the map of classical
stacks X! — (X xg X)! is of locally of finite type, and so by [Stacks, tag 0CMG] the second
diagonal map c§: X! — (LsX)< is locally of finite presentation. O

The following lemma shows that the completion at constant loops passes along representable
maps.

Lemma A.3.8 ([Che20, Proposition 2.1.20]). Let S be a derived affine scheme. Let f: X — Y
be a map of derived algebraic S-stacks representable in derived algebraic spaces. Then the
commutative square

ZZSJC —_— Lsx

L
LY —— LsY

18 a fiber square.

Proof. To simplify notation we let LX := LgX, and similary for the completion. By Remark
7.1.3 fiber product £LX X ¢y £Y is identified with the formal completion of £LX along the map
LX xzyY — LX. Thus by Remark 7.1.4(3) it will be enough to show that the natural map

DC—>L3C><5139

is an equivalence when restricted to classical rings. For this we need to check that the map of
classical stacks

(A.3.9) X — I(X) xgyery Y

is an isomorphism. Here, for a classical Sclstack Z, 92 == Z XZxga Z Z denotes the relative
inertia stack of X. The projection J(X¢') — X! induces a projection J(X<) X g(yely Yol 5 el
whose composition with (A.3.9) is the identity. It is enough to show that (A.3.9) induces an
equivalence on fibers over all maps x: SpecR — X! from (classical) affine schemes. The map
between fibers is identified with the map of algebraic spaces

SpecR — Autya(x) X Autye (f1(2) SpecR.

where Autya(z) := SpecR Xya SpecR (with maps given by z) is the automorphism group
(algebraic space) of z, the map SpecR — Autya(f°!(z)) is given by the unit element, and
the map to the fiber product is induced by the analogous map SpecR — Autya(z) and the
identity on SpecR. Note that f: X! — Y is represented by classical algebraic spaces, and
so by [Stacks, tag 04YY] the kernel of the map Autya(z) — Autya(f(z)) is trivial. In
particular, the preimage of the identity map is just the identity map itself, so the map above is
an isomorphism. O

APPENDIX B. DERIVED DESHMUKH’S THEOREM

The goal of this appendix is to recall (and extend to the derived setting) the theorem of
Deshmukh. The role of this result in the main text of the paper is to control the right Kan
extension of an arbitrary localizing invariants to stacks; see for example Theorem 4.2.5.

Theorem B.0.1 ([Des23, Theorem 1.2(1)]). Let X be a quasi-compact quasi-separated derived
algebraic stack with separated diagonal.
(1) there exists a Nisnevich surjection Y — X with Y a derived 0-Artin stacks.
(2) If, furthermore, we assume that X has affine stabilizers, then we can choose Y to be an
affine scheme.

In fact the epimorphism in the construction will be a smooth-Nisnevich covering in the
following sense:
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Definition B.0.2 ([Des23, Definition 1.1]). We say that a representable map of derived alge-
braic stacks X — Y is a smooth-Nisnevich covering, if
e it is smooth;
e the map
mo(X(K)) = mo(¥(K))
is surjective for any field K.
It is clear that smooth-Nisnevich coverings are closed under composition.

We have the following lemma:

Lemma B.0.3. Smooth-Nisnevich coverings of derived algebraic stacks are Nisnevich surjec-
tions (of Nisnevich sheaves on CAlg®" ).

Proof. Let f: X — Y be a smooth-Nisnevich covering. We need to show that for an R-point
y € Y(R) for R € CAlg®" there exists a Nisnevich cover R — R’ and a point 2 € X(R/) lifting
y. Since both X and Y are convergent it is enough to assume that R € CAlg#™[0:20)

First, let us assume R € CAlg®!. Note that [Des23, Corollary 2.7] shows that the map

xcl(o) N %Cl((‘))

is a surjection on connected components if O is a Henselian ring. Since f is smooth it is, in
particular, locally finitely presented. Setting O to be the henselizations of points of SpecR, it
follows that for any point y € Y°!(R) there exists a Nisnevich covering R — R’ and a point
x € XN(R/) lifting y.

Now, given A € CAlg?™»[0>) with my(A) ~ R and an A-point y € Y(A) we can lift the
corresponding point my(y) € Y(R) to a point z € X(R'). Since R — R’ is étale we can uniquely
extend it to an étale map A — A’, which is then also a Nisnevich cover. Finally, since f is
smooth, the deformation theory for lifting a map along f is unobstructed®’, and so 2 € X(R’)
extends to an A’-point &’ € X(A’) lifting y € Y(A). O

To construct the required smooth-Nisnevich covering we will need the following:

Construction B.0.4. Let f: X — Y be a representable morphism of derived algebraic stacks
whose diagonal is separated.

Consider the n-fold fiber product (X/Y)™ := X xy ... xy X. The S = Spec R-point of (X/Y)"
is given by an S-point S — Y of Y and n-sections x1,...,z, of the induced map X xy S — S.
One defines the stack of n-section Sec,, (X/Y) as the substack of (X/Y)™ where the classical loci
of points x1,...,2,: S — X Xy S do not intersect; since the diagonal of f is separated this is
in fact a Zariski open substack. The symmetric group ¥,, acts naturally on (X/Y)", as well as
Secn, (X/Y) C (X/Y)™. One defines the stack of finite étale substacks of degree n as the quotient

Et,(X/Y) := [Sec,(X/Y) /2]

in étale topology. The natural projection Et,,(X/Y) — Y is representable in derived algebraic
spaces: indeed, it is clear for Sec,, (X/Y) — Y, so Et,,(X/Y) — Y is at least represented in derived
Deligne-Mumford stacks. But then the action of %, on the fibers of the map Sec,,(X/Y)! — Y
is free, which shows that the quotient by 3, is in fact represented in derived algebraic spaces.
It is also clear that the map Et,,(X/Y) — Y is smooth if f is.

If X is a derived algebraic space, then so is Sec, (X/Y); consequently Et, (X/Y) is a derived
Deligne-Mumford stack. We warn the reader that the action of %, is free on Sec, (X/Y) only
relative to Y, and not globally, so Et,,(X/Y) is not necessarily an algebraic space.?® If X and Y
are qeqs then both Sec,, (X/Y) and Et,,(X/Y) are also qcgs.

2THere we implicitly use that A’ (being flat over A) also belongs to CAlgl®°®) and that it can be obtained
from R’ ~ mo(A’) by a finite set of square-zero extensions, as in [GR17b, Proposition 5.5.3].

28 As an example consider the map f: [A!/Gy,] — BGm. Then Seca(f) is identified with [(AZ \ A(A1))/Gn].
The Xz-action on the latter sends (z,y) to (y,z), but note that if x = —y, then these points are identified via
multiplication by —1 € G, and so define the same point in the quotient.
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Proof of Theorem B.0.1: We will construct a smooth-Nisnevich covering Y — X by a count-
able union of qcgs algebraic spaces, by Knutson-Lurie theorem (Theorem 4.3.11) we then can
refine this to a covering by countable union of derived affine schemes. Now let p: U — X be a
smooth atlas where U is affine and consider the map U, Et,(U/X) — X. Since p is smooth, it
is an étale surjection, so any map x: Speck — X lifts to a map

from a finite extension ¢/k. But a map Spec ¢ — U lifting x gives a section Spec k — Et,,(U/X)
with n := deg(¢/k) lying over x. This way we get that U, Et, (U/X) — X is a smooth-Nisnevich
surjection. Unfortunately, Et, (U/X) are not necessarily derived algebraic spaces, but could
possibly be derived Deligne-Mumford stacks. However, this is easy to fix, following the argument
in [LMBO0O, Théoreme 6.1] for classical stacks; namely for each n consider the natural embedding
Y, < GL,, and define Z,, := [(Sec,,(U/X) x GL,)/%,] where the action of ¥, is diagonal. Each
Z, is a derived algebraic space (since the action of ¥, is now free), and there is a natural map
Zn — UpEt, (U/X) which is a GL,-torsor. Since GL,-torsors over fields are trivial, the latter
map is a smooth-Nisnevich covering. The resulting map

U,Z, — X

is then the desired smooth-Nisnevich covering by a countable union of qcgs algebraic spaces.

ApPPENDIX C. MOTIVIC FILTRATIONS ON ALGEBRAIC SPACES

In this appendix, we record the following tiny extension of motivic filtrations on the K-
theory of qcqs derived algebraic spaces. Most of these results are direct consequences of the
Knutson-Lurie Theorem 4.3.11. We briefly recall our conventions regarding filtrations which
follows [EM23]. For € a stable oco-category, oo-categories of filtered objects is given by
CZ™ := Fun((Z, >)°?, @), where (Z, >) denotes the totally ordered set of the integers and Z°
is the discrete category of the integers. If € = Spt, then we denote this by FiltSpt. We
write filtered objects of € as Fil*M, where M is an object of C which implicitly means that
there is a morphism Fil=*°M := colim;_, o FiM — M in €. The filtration is said to be
exhaustive when the latter morphism is an equivalence; more strongly we say that it is N-
indezed when Fil?M — M is an equivalence for all j < 0. The filtration is said to be complete
if lim; o Fil/M = 0.

If @ is presentably symmetric monoida, then €Z”" admit canonical symmetric monoidal struc-
tures given by Day convolution. In particular, we have the co-category of filtered E-algebras
CAlg(€%™). A filtered object with underlying E..-algebra object M which is compatibly a
Eoo-algebra in filtered objects is called a multiplicative filtration.

Theorem C.0.1 (Motivic filtrations on derived algebraic spaces). There exists a finitary, N-
indexed, multiplicative Nisnevich sheaf of filtered spectra

(C.0.2) Fil;, K : (dAlgSpc°#)°P — CAlg(FilSpt).

mot
with the following properties:
(1) for any X € dAlgSpc°®, its graded pieces are given by

8o K (X) = RIAIZ(j)™ (X) (2]
We set for any X € dAlgSpc®®®, H!  (X;Z(j)) := HY(RIMEZ(5)m°Y (X)), and obtain an

mot
Atiyah-Hirzebruch spectral sequence

By = HL (X Z(—j) = Ko j(X).

mot
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(2) If X admits a Nisnevich cover by derived affine schemes {X; — X} where the classical
locus X$! has finite valuative dimension, then the filtration is complete and the Atiyah-
Hirzebruch spectral sequence is convergent.

(8) the Atiyah-Hirzebruch spectral sequence degenerates rationally and

K, (X) @z Q = @O HIL" (X Z(4)) @2 Q.
j=0

Proof. Thanks to Proposition 4.3.13, the formation of algebraic K-theory on qcgs derived alge-
braic spaces is right Kan extended from derived affine schemes. Hence, the filtration (C.0.2) is
defined by taking the right Kan extension of the motivic filtrations built in [Bou24, EM23] from
derived affine schemes; in particular the underlying object of the filtration remains algebraic
K-theory because the latter is right Kan extended from derived affine schemes. The claimed
properties are then formal consequences of this definition and the equivalence (4.3.12).

The only thing to explain concerns the completeness claim of (2). If X is a derived algebraic
space, we note that Fil} K(X) is complete whenever lim, o, Fil} K(X) ~ 0. By (4.3.12)

mot mot

we can write Fil}; K(X) as the totalization of Fil}; K(Y*®) where each Y™ has the property
that lim Fil%, ,K(Y") ~ 0; see [Bou24, Proposition 4.50] for the latter completeness result. The

claim then follows from the fact that limits commute.
O
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